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ABSTRACT 

The = 1 effective action for generic type IIA Calabi-Yau orientifolds in the presence 
of background fluxes is computed from a Kaluza-Klein reduction. The Kahler potential, 
the gauge kinetic functions and the flux-induced superpotential are determined in terms 
of geometrical data of the Calabi-Yau orientifold and the background fluxes. The moduli 
space is found to be a Kahler subspace of the N = 2 moduli space and shown to coincide 
with the moduli space arising in compactification of M-theory on a specific class of G2 
manifolds. The superpotential depends on all geometrical moduli and vanishes at leading 
order when background fluxes are turned off. The N = 1 chiral coordinates linearize 
the appropriate instanton actions such that instanton effects can lead to holomorphic 
corrections of the superpotential. Mirror symmetry between type IIA and type IIB 
orientifolds is shown to hold at the level of the effective action in the large volume - large 
complex structure limit. 
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1 Introduction 



Compactifications of type II string theories with space-time filling D-branes and back- 
ground fiuxes are currently under investigation. The reason is that they lead to phe- 
nomenologically interesting string vacua both for particle physics as well as for cosmol- 
ogy P3I21- If the string background includes a compact internal manifold Y, consistency 
requires that apart from D-branes also negative tension objects have to be present. Such 
objects are known as orientifold planes and they arise when the string theory is modded 
out by a discrete symmetry which includes parity reversal of the worldsheet [3 El E] • 

From a phenomenological point of view spontaneously broken N = 1 vacua are of 
particular interest. They can arise by first compactifying type II string theories on spe- 
cific orientifolds of Calabi-Yau manifolds which preserve one of the two supersymmetries 
present in standard Calabi-Yau compactifications of type II theories 13 El El UDj • The 
D-branes can then be arranged such that they preserve the same supersymmetry. These 
string vacua realize an iV = 1 supersymmetry which is spontaneously broken once back- 
ground fiuxes are turned on [TTl [T21 UHl • 

In order to discuss the phenomenological properties of such vacua in some detail it 
is essential to determine the low energy effective action and in particular the couplings 
of the bulk moduli ^3). In this paper we focus on type IIA string theory compactified 
on generic Calabi-Yau orientifolds and determine its low energy effective action in terms 
of geometrical data of the Calabi-Yau orientifold and the background fluxes. Speciflcally 
we determine the Kahler potential, the superpotential and the gauge-kinetic couplings 
by performing an appropriate Kaluza-Klein reduction. We only discuss the couplings of 
the bulk moduli and leave their couplings to matter flelds (and moduli) on the D-branes 
for a future investigation.^ 

In standard N = 2 Calabi-Yau compactifications the moduli space consists of two 
components, a special Kahler manifold Ai^ and a quaternionic manifold [T^ITBl lTTj. 
The orientifold projection truncates the N = 2 massless spectrum and thus defines a 
Kahler submanifold in the moduli space of Calabi-Yau compactifications [71 ITHIIT^I^I2H 
1^ . This submanifold continues to be a product of two components J\4^ xAi^. For type 
IIA orientifolds we show that is again a special Kahler manifold characterized by a 
(truncated) holomorphic prepotential depending on the complexified Kahler deformations 
of the Calabi-Yau orientifold. The geometry of the Kahler submanifold Ai^ inside Ai^ 
turns out to be more involved. This is due to the fact that the orientifold projection is 
anti-holomorphic and destroys the complex structure on the space of complex structure 
deformations. Instead the complex structure of Ai^ combines the type IIA RR three- 
form C3 with KeQ to form a 'new' three-form = C3 + 2iIie{CQ) where C is related to 
the inverse dilaton. The Kahler coordinates of turn out to be half of the periods of Qc 
and the resulting geometry is similar to the geometry of the moduli space of Lagrangian 
submanifold as discussed in ref. • The Kahler potential of A^*^ encodes the dynamics 
of Re(Cfi). 

Once background fiuxes are turned on a superpotential W is generated. Also W 
decomposes into the sum of two terms analogously to the split of the Kahler geometry. 

^We do include D-branes for consistency but we freeze their moduli and matter fields such that they 
do not appear in the low energy effective action. 
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As a consequence W depends on all geometric moduli of the Calabi-Yau orientifold. For 
N = 2 type IIA compactification this has also been observed recently in ref. |21]. The 
flux-induced superpotential receives further corrections from worldsheet and D-brane 
instantons. We do not compute such corrections here but observe that the chiral coor- 
dinates of are precisely such that they linearize the D2-brane instanton action and 
hence holomorphic corrections to the superpotential are possible. 

The type llA orientifold compactifications considered in this paper are closely related 
to M-theory compactifications on a special class of G2 manifolds [SniEEl- We show that 
the effective action of G2 compactifications determined in refs. [23 12H1 ISHl IHIIl IHH IHS] 
indeed reduces in an appropriate limit to the effective action computed in this paper. 
This gives an alternative view on the geometry of since it can also be understood 
as a certain limit of the G2 moduli space. In particular, the definition of Qc appear very 
naturally from an M-theory perspective. 

Type IIA and type IIB compactification on Calabi-Yau threefolds are equivalent as 
a consequence of mirror symmetry |33j. In terms of the low energy effective action this 
implies that the two holomorphic N = 2 prepotentials of the special Kahler manifold Ai^ 
and the quaternionic manifold Ai^ are equal. In this way mirror symmetry computes 
the worldsheet instanton corrections geometrically. One expects mirror symmetry to be 
also present in the orientifold versions of such compactifications |H1 However, in 
this case the corrections are more difficult to control since one can only rely on = 1 
supersymmetry. Furthermore, since A^*^ is not a special Kahler manifold its geometry 
is no longer encoded in a holomorphic function and hence determining the corrections 
is less straightforward. We take a purely supergravity point of view and compare the 
effective action computed in this paper with the type IIB mirror actions determined in 
Within this framework we find that for Ai^ mirror symmetry acts exactly as in 
N = 2 and equates the two orientifold truncated holomorphic prepotentials. For Ai^ the 
situation is considerably more involved and depending on the orientifold projection two 
inequivalent mirrors do appear. On the type IIA side they correspond to two possible 
sets of special coordinates while in type IIB they give rise to 03/07 planes or 05/09 
planes. 

The paper is organized as follows. To set the stage we briefly review the compacti- 
fication of type IIA on a Calabi-Yau manifold in section |21 In section |21 we turn to the 
discussion of type IIA Calabi-Yau orientifolds. The orientifold projection is introduced 
in section 13.11 and the resulting four-dimensional = 1 spectrum is determined. In sec- 
tion we calculate the effective action by performing a Kaluza-Klein reduction while 
additionally imposing the orientifold constraints. To bring the effective action in the 
standard A^ = 1 form we determine the Kahler coordinates, the Kahler potential and 
gauge-kinetic couplings in section 1X51 

In section 0] we redo the reduction starting from massive type IIA supergravity [HI] 
while switching on the full set of possible NS and RR fluxes. This induces a superpo- 
tential for all geometric moduli which we determine explicitly. Furthermore we discuss 
contributions to the superpotential due to D2 instantons. By using the BPS conditions 
we show that the D2 instanton action becomes linear in the A^ = 1 coordinates, which 
in fact is a generic feature of all supersymmetric D-instantons in type II Calabi-Yau 
orientifolds. 
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The embedding of IIA Calabi-Yau orientifolds into an M-theory compactification on 
a special class of G2 manifolds is discussed in section We match explicitly the moduli 
spaces, gauge-couplings and parts of the flux superpotentials. 

In sectionini we discuss mirror symmetry for Calabi-Yau orientifolds and determine the 
necessary conditions on the involutive symmetries of the mirror IIA and IIB orientifold 
theories. By specifying two types of special coordinates on the IIA side, we are able to 
identify the large complex structure limit of IIA orientifolds with the large volume limits 
of IIB orientifolds with 03/07 and 05/09 planes. 

Section [7| contains our conclusions and some technical aspects of our analysis are 
presented in four appendices. Appendix A briefly reviews the special geometry of the 
Calabi-Yau moduli space. In appendix B we summarize = 1 supergravities with 
several linear multiplets as they are relevant in the computation of the effective action. 
Appendix C contains the details of the reduction of the quaternionic manifold Ai^ for 
an arbitrary symplectic basis of H^. Finally, appendix D relates the geometry of to 
the moduli space of supersymmetric Lagrangian submanifolds of Calabi-Yaus following 



2 Type IIA compactified on Calabi-Yau threefolds 

In order to set the stage for the orientifold compactifications we briefly review the com- 
pactification of type IIA supergravity on a Calabi-Yau threefold Y in this section j35j . 
Since our main concern is the N = 2 geometry of the moduli space we do not review the 
effective action where in addition background fluxes are turned on I24j . 

We start from the ten-dimensional type IIA supergravity action in the Einstein frame 
given by 



where 

C 



-ie^'^F4A*F4 + Aop , (2.1) 



_ _ 1 

top 2 



EsArfOsArfOg - {B2y A dC3 A dAi , (2.2) 

and the field strengths are defined as 

H3 = dB2 , h = dAi , F4 = dCs -A.AHs. (2.3) 

The dilaton 0, the ten-dimensional metric g and the two-form B2 are the massless fields 
in the NS sector, while the one- and three- forms Ai, C3 arise in the RR sector.^ 

By compactifying this theory on a Calabi-Yau threefold Y one obtains an = 2 
theory in four space-time dimensions {D = 4) where the zero modes of Y assemble into 
massless N = 2 multiplets. These zero modes are in one-to-one correspondence with 
harmonic forms on Y and thus their multiplicity is counted by the dimension of the 



^We use a 'hat' to denote ten-dimensional quantities and omit it for four-dimensional fields. 
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non-trivial cohomologies H^^'^^ and H^^''^\ More precisely, one takes the ten-dimensional 
metric to be block diagonal 

ds"^ = r]f,^{x) dx^dx" + Qijiv) dy'dy^ , (2.4) 

where 77^1,, /z, z/ = 0, . . . , 3 is a four-dimensional Minkowski metric and gij, i,j — 1 ... 3 
is a Calabi-Yau metric. Accordingly we expand the ten-dimensional gauge-potentials 
introduced in ()2.3|) in terms of harmonic forms on Y 

ii = A^{x) , B2 = B2{x) + b^{x)ujA, A = l,...,h^'''\ (2.5) 

C, = A\x)Au;A+^''ix)aj,-ij,ix)P'', K = 0,...,h^^^'K 

Here b^, are four- dimensional scalars, ^4°, A^ are one-forms and B2 is a two-form. 

The harmonic forms cua form a basis of H^^'^\Y) on the internal Calabi-Yau Y while the 
{aj^,l3^) form a real symplectic basis of H^{Y) in that they satisfy 

y"a^A/5^ = 4, (2.6) 

with all other intersections vanishing. The ten-dimensional one-form Ai only contains a 
four-dimensional one-form in the expansion (j2.5j) since a Calabi-Yau threefold has no 
harmonic one-forms. 

The four-dimensional massless modes are completed by also taking deformations of the 
Calabi-Yau metric Qij into account. These deformations are divided into the deformations 
of the Kahler form J and deformations of the complex structure. The former correspond 
to h^^'^^ real scalars while the later are h^^'"^^ complex scalars , K = 1, . . . , h^'^'^\'^ 
Together with the fields defined in the expansion (j2.5p they assemble into a gravity multi- 
plet {g^u,A'^), h^^'^^ vector multiplets {A^,v^,h^), /i^^'^^ hypermultiplets {z^ ,^^,^k) and 
one tensor multiplet {B2, 4>, ^0) where we only give the bosonic components. Dualizing 
the two-form B2 to a scalar a results in one further hyper multiplet. We summarize the 
bosonic spectrum in table ITTl 



gravity multiplet 


1 




vector multiplets 






hypermultiplets 


/,(2,1) 




tensor multiplet 


1 


(i?2,</',^°,eo) 



Table 2.1: N = 2 multiplets for Type IIA supergravity compactified on a Calabi-Yau manifold. 

In order to display the low energy effective action in the standard N = 2 form one 
needs to redefine the field variables slightly. One combines the real scalars v"^, b^ into 
complex fields and defines a four- dimensional dilaton D according to^ 

^^ = 6^ + ^^;^, = e*(/C/6)-^ , (2.7) 

''Note that K introduced in (|2.5|l takes one more value than K in that it includes the zero. 
^The fields are defined as the expansion coefficients of the Kahler form J in the string-frame 
J = v^cJA which is related to the Kahler form Je in the Einstein- frame via J = e'^^^Js- 



4 



where /C = JJAJAJ = Q vol(y) is proportional to volume of Y in the string-frame. 
Inserting the field expansions (j2.5|) into (j2.3j) . (j2.ip and reducing the Riemann scalar R 
by including the complex and Kahler deformations one ends up with the four- dimensional 
N = 2 effective action [271 E3 El 

4a = j -lR*l + ^lmMjisF^ A*F^ + lReAf^j^F^ AF"" (2.8) 

-Gab dt^ A *dP - dqf A ^dq" , 

where = dA"^. 

Let us first discuss the couplings of the hypermultiplet sector which are encoded in 
the quaternionic metric h^v From the Kaluza-Klein reduction one obtains ^7] 

K^d^doT = {dDf + GKLdz''dz'' + \e^''{da-{ij,di^ -i^dlf,)f (2.9) 
-le2^(Im M)-' ^\di^ - M^^de) {di~^ -M^^,de') . 



Gj^l is the metric on the submanifold Ai'^^ spanned by the complex structure deforma- 
tions and given by ISHl UHl 

Xk is a basis of (2, l)-forms related to the variation of the three-form Vl via Kodaira's 
formula 

Xk{z) = d,Kn{z) + n{z) d^KK^' . (2.11) 



With the help of p. Ill) one shows that G^L is a special Kahler metric determined by 
the periods of Q 



Gj^l = d,Kd-,L K""^ , = - In y ^] A ^]J = - Ini^Z^J^^ - Z^J^p.^ , (2.12) 

where the holomorphic periods Z^,J^j^ are defined as 

Z"" (z) = j n{z) A P"" , J^j^iz) = j n{z) Aaji , (2.13) 

or in other words Q enjoys the expansion 

niz) = Z^iz)aji-J'j^iz)P^ . (2.14) 

JF^ is the first derivative with respect to Z^ of a prepotential JF = |Z^JF^. (We briefly 
summarize the special geometry of the Calabi-Yau moduli space in appendix 1X1) 

is only defined up to complex rescalings by a holomorphic function e~^^^^ which via 
(j2.12p also changes the Kahler potential by a Kahler transformation 

Q^Qe-^^'^ , K^'^K^' + h + h. (2.15) 

This symmetry renders one of the periods (conventionally denoted by Z^) unphysical in 
that one can always choose to fix a Kahler gauge and set Z° = 1. The complex structure 
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deformations can thus be identified with the remaining h^^''^'' periods by defining the 
special coordinates = 

The complex coupling matrix J\4 appearing in (j2.9j) depends on the complex struc- 
ture deformations and is defined as [32] 



IKL ' 



jaj^A*ai = -{lmM + {ReM){lmM)~\ReM))j 

f3^A*l3^ = -{ImM)-^^^, (2.16) 
jaj^A*p^ = -((ReA^)(ImA^)- 



It can be calculated from the periods ()2.13|) by using equation ()A.8|) . Thus in the hy- 
permultiplet sector all couplings are determined by a holomorphic prepotential and such 
metrics have been called dual or special quaternionic I17j. 

Now let us turn to the couplings of the vector multiplets in the action (j2.8p . The 
metric G^s only depends on the (or rather their imaginary parts) and is defined as 

[13 CHI 



^ ^ / A ... .ME^.IE^^. . (2.17) 



Y 

We abbreviated the intersection numbers as follows 

^ABC 



j uaAujbAujc, JCab = j uja Aub A J = K^ABcv^ , (2.18) 



}Ca = J luaAJ AJ = JCabcv^v^ , jC = j J AJ AJ = ICabcv^v^v^ 

with J = v^ua being the Kahler form of Y in the string-frame. The metric ()2.17|1 is again 
a special Kahler metric in that the Kahler potential = — In |/C is also determined by 
a prepotential f(t) given in ()A.11|) via ()A.10|) . 

Finally, the gauge-kinetic coupling matrix A/"^^ also depends on the scalars and 
is given explicitly in ()A.12|) . It can be calculated from a holomorphic prepotential as 
explained in appendix 1X1 

As we have just reviewed the N = 2 moduli space has the local product structure 

M^xM^ , (2.19) 

where is the special Kahler manifold spanned by the scalars in the vector multiplets 
or in other words the (complexified) deformations of the Calabi-Yau Kahler form and 

is a dual quaternionic manifold spanned by the scalars in the hypermultiplets. 
has a special Kahler submanifold spanned by the complex structure deformations or in 
other words the geometric Calabi-Yau moduli space has the structure 

X M^' , (2.20) 

where both factors are special Kahler manifolds of complex dimension /i^'^ and h^'^ re- 
spectively. 
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This ends our short review of Calabi-Yau compactifications of type IIA supergravity. 
Next we turn to its orientifold version which breaks = 2 to = 1 and as a consequence 
truncates the massless spectrum. This defines a Kahler submanifold inside the N = 2 
moduh space ()2.19|) . After determining the A^ = 1 spectrum we are going to find this 
Kahler subspace. 

3 IIA orientifolds 

After this brief review let us now turn to the main point of our paper and compactify 
type IIA supergravity on Calabi-Yau orientifolds. We first discuss the orientifold pro- 
jection and the resulting A^ = 1 spectrum in section 3.1. In 3.2 we derive the effective 
action from a Kaluza-Klein reduction or equivalently by truncating the N = 2 action of 
the previous section. In 3.3 we find the appropriate chiral field variables which puts the 
action into the standard A^ = 1 form and determine the Kahler potential and the gauge 
kinetic function. In section 3.4 we redo the Kaluza-Klein reduction using as the starting 
point the massive ten-dimensional IIA supergravity of ref. jHl]. We turn on background 
fluxes and determine the fiux-induced superpotential. We also include a brief discus- 
sion of possible instanton corrections to the superpotential. Specifically we show that 
the D2 instanton action becomes linear in the chiral A^ = 1 coordinates and therefore 
holomorphic corrections to the superpotential can be induced. 

3.1 The orientifold projection and the = 1 spectrum 

A Calabi-Yau orientifold is constructed from a Calabi-Yau manifold by modding out a 
discrete symmetry O which includes the world-sheet parity Qp combined with the space- 
time fermion number in the left-moving sector (—1)^^. In addition O can act non-trivially 
on the Calabi-Yau manifold so that one has altogether 

O = Qp{-lf^a , (3.1) 

where a is an involutive symmetry of Y (i.e. = 1), acting trivially on the four flat di- 
mensions. If one insists on preserving A^ = 1 supersymmetry a has to be anti-holomorphic 
and isometric such that the Kahler form transforms as |81 13 

a* J = -J , (3.2) 

where a* denotes the pullback of the map cr. Compatibility of a with the Calabi-Yau 
condition QaQocJAJAJ implies that cr also acts non-trivially on the three-form Q 
as 

a*n = e^'^n , (3.3) 

where e^*^ is a constant phase and we included a factor 2 for later convenience. 

Type IIA orientifolds with anti-holomorphic involution generically admit 06 planes. 
This is due to the fact, that the fixed point set of a in F are three-cycles A„ supporting the 
internal part of the orientifold planes. These cycles are special Lagrangian submanifolds 
of Y as an immediate consequences of ()3.2j) and ()3.3|) which implies jH] 

J|a„=0, Im(e-*^fi)U„ = 0. (3.4) 
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In other words, they are cahbrated with respect to Re(e *^f2) 

vol(An) ~ / Re(e-'^n) , (3.5) 

-'An 

where the overall normalization of Q will be determined in ()4.18|) .^ 

In order to determine the O-invariant states let us recall that the ten-dimensional 
RR forms Ai and C3 are odd under (—1)^^ while all other fields are even. Under the 
worldsheet parity Qp on the other hand B2-,C^ are odd with all other fields being even. 
As a consequence the (9-invariant states have to satisfy ^U] 

a*g 

while the deformations of the Calabi-Yau metric are constrained by ()3.2|) and ()3.3|) .'^ 

As we recalled in the previous section the massless modes are in one-to-one corre- 
spondence with the harmonic forms on Y. The space of harmonic forms splits under the 
involution a into even and odd eigenspaces 

HP{Y) = Hl®Hl . (3.7) 

Depending on the transformation properties given in ()3.(i|l the O-invariant states reside 
either in or in and as a consequence the number of states is reduced. We sum- 
marize all non-trivial cohomology groups including their basis elements in table 13.11 



-Bo 



-A, 
4, 



(3.6) 



cohomology group 








^(2,2) 


Hf 


^(3) 


dimension 










/,(2,1) + 1 


/,(2,1) + 1 


basis 


UJa 










6^ 



Table 3.1: Cohomology groups and their basis elements. 



Ua, UJa denote even and odd (1, l)-forms while a)", denote odd and even (2, 2)-forms. 
The number of even (1, l)-forms is equal to the number of odd (2, 2)-forms and vice versa 
since the volume form which is proportional to J A J A J is odd and thus Hodge duality 
demands /i^'^^ = h^^''^\ h^}'^^ = h^^''^\ This can also be seen from the fact that the 
non-trivial intersection numbers are 

j u^Au^ = 6^^, a,(3 = l,...,h^^''\ J uJaACo'' = 6t, a,b = 1, . . . ,h'^}''\ (3.8) 

^As we discuss in section 0] this calibration condition plays a central role when including corrections 
due to BPS D2 instantons. 

''Following the argument presented in [lOj we note that the involution does not change under defor- 
mations of Y. This is due to its involutive property and the fact that we identify involutions which differ 
by diffeomorphisms. Therefore we fix an involution and restrict the deformation space by demanding 
and (jOI - 
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with all other pairings vanishing. From the volume-form being odd one further infers 

^(3.3) ^ ^(3,3) ^ ^ ^(0,0) ^ ^(0,0) ^ Q 

can be decomposed independently of the complex structure as = H'l © i/^ 
where the (real) dimensions of both H"^ and H"^ is equal and given by = = + 
Again this is a consequence of Hodge duality together with the fact that the volume-form 
is odd. It implies that for each element a^^ G if^ there is a dual element G if^ with 
the intersections 

jaj^Ab^ = 5^, k,L = 0,...,h^^^^K (3.9) 

Compared to (j2.6|) this amounts to a symplectic rotation such that all a-elements are 
chosen to be even and all /3-elements are chosen to be odd but with the intersection 
numbers unchanged. The orientifold projection breaks this symplectic invariance or in 
other words fixes a particular symplectic gauge which groups all basis elements into even 
and odd. This in turn implies that the basis (a^, b^) is only one possible choice. However, 
since the calculation simplifies considerably for this basis, we first restrict to this special 
case and later give the general results with calculations summarized in appendix O 

In the remainder of this subsection we determine the = 1 spectrum which survives 
the orientifold projections. Let us first discuss the Kahler moduli. From the eqs. ()3.2j) 
and ()3.6p we see that both J and B2 are odd and hence have to be expanded in a basis 
uJa of odd harmonic (1, l)-forms 

J = v''{x)uJa, B2 = b\x)uja, o = 1, . . . , /^^'^ (3.10) 

In contrast to ()2.5p the four-dimensional two-form B2 gets projected out due to ()3.6|) and 
the fact that a acts trivially on the flat dimensions, f " and b"" are space-time scalars and 
as in iV = 2 they can be combined into complex coordinates 

t'^ = 6" + iy'^, J^ = B2 + iJ, (3.11) 

where we have also introduced the complexified Kahler form J^. We see that in terms of 
the field variables the same complex structure is chosen as in = 2 but the dimension 
of the Kahler moduli space is truncated from h^^'^^ to h^}'^\ 

The number of complex structure deformations is similarly reduced since (13. 3p con- 
strains the possible deformations. To see this one performs a symplectic rotation on 
fl2.14|) and expands Q in the basis of © H^, i.e. as^ 

n{z) = Z^{z)aj^ - J^l{z)b^ . (3.12) 

Inserted into (j3.3|) one finds 

lm{e-'^Z^) = , Re(e-^^J^^) = . (3.13) 

The first set of equations are h^'^'^^ + 1 real conditions for h^"^'^^ complex scalars . One 
of these equations is redundant due to the scale invariance ()2.15p of Q. More precisely, 
the phase of can be used to trivially satisfy Im(e~*^Z'^) = for one of the . Thus 

^Let us stress that at this point all = 2 relations are still intact since (|3.12() is just a specific choice 
of the standard iV = 2 basis (EHH). 
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lm(e~^^ Z^) = projects out /i^^'^) real scalars, i.e. half of the complex structure defor- 
mations. Furthermore, in section 13.21 we will see the remaining real complex structure 
deformations span a Lagrangian submanifold A^f with respect to the Kahler form inside 
JH'^^. Note that the second set of equations in ()3.13|) Re(e~*^jF^) = should not be 
read as equations determining the but is a constraint on the periods (or equivalently 
the Yukawa couplings) of the Calabi-Yau which has to be fulfilled in order to admit an 
involutive symmetry with the property (|3.3p .^ 

As we have just discussed the complex rescaling ()2.15j) is reduced to the freedom of 
a real rescaling by ()3.3j) . Under these transformations Q and the Kahler potential K'^^ 
change as 

e-^^e^) , K'' K'' + 2Re{h) , (3.14) 

when restricted to This freedom can be used to set one of the Re(e~*^Z'^) equal 

to one and tells us that depends only on h'^'^'^^ real deformation parameters. However, 
it will turn out to be more convenient to leave this gauge freedom intact and define 
a complex 'compensator' C = re~*^ with the transformation property C (jgRe{h) io 
Later on we will relate r to the inverse of the four- dimensional dilaton so that the scale 
invariant function Cil depends on h^'^'^^ + 1 real parameters. Using (j3.12j) C^l enjoys the 
expansion 

Cn = Re{CZ^)aj^~ilm{CTi)b^ . (3.15) 

We are left with the expansion of the ten-dimensional fields Ai and C*3 into harmonic 
forms. From (|3.6p we learn that Ai is odd and so together with the fact that Y posses no 
harmonic one-forms and cr acts trivially on the flat dimensions the entire Ai is projected 
out. This corresponds to the fact that the N = 2 graviphoton A^ is removed from the 
gravity multiplet, which in = 1 only consists of the metric gfj,^ as bosonic component. 
Finally, is even and thus can be expanded according to 

C, = C3{x) + A"{x) Au^ + Cs, C3 = ^^{x) , (3.16) 

where are /i^^'^^ + 1 real scalars, A" are /i^'^^ one-forms and C3 is a three-form in four 
dimensions. C3 contains no physical degree of freedom but as we will see in section |3] 
corresponds to a constant flux parameter in the superpotential. The real scalars have 
to combine with the /i*^^'^-' real complex structure deformations and the dilaton to form 
chiral multiplets. In the next section we will find that the appropriate complex fields 
arise from the combination 

= + 2iRe{Cn) . (3.17) 
Expanding VL^ in a basis ()3.9p of H\{Y) and using ()3.15|) and ()3.16|) we have 

= 2N^ap^ , = lj n^Ap^ = l[^^ + 2iRe{CZ^)) . (3.18) 

Due to the orientifold projection the two three-forms Q and C3 each lost half of their 
degrees of freedom and combined into a new complex three- form Q^- As we will show 

^This can also be seen as conditions arising in consistent truncations of = 2 to = 1 theories as 
discussed in ref. [TH| . 

^°This is reminiscent of the situation encountered in the computation of the entropy of = 2 black 
holes where it is also convenient to leave this scale invariance intact j42l . 
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in more detail in the next section the 'good' chiral coordinates in the = 1 orientifold 
are the periods of Cfl directly while in = 2 the periods agree with the proper field 
variables only in special coordinates. 

Let us summarize the resulting = 1 spectrum. It assembles into a gravitational 
multiplet, /i^'^^ vector multiplets and {h^}'^^ + /i*^^'^-' + 1) chiral multiplets. We list the 
bosonic parts of the = 1 supermultiplets in table l3.2l I^. We see that the /i^^'^^ N = 2 
vector multiplets split into /i^'^'' A^ = 1 vector multiplets and h^}'^^ chiral multiplets while 
the h^'^'^^ + 1 hypermultiplets are reduced to h^"^'^^ + 1 chiral multiplets. 



multiplets 


multiplicity 


bosonic components 


gravity multiplet 


1 




vector multiplets 




A" 


chiral multiplets 






chiral multiplets 


+ 1 





Table 3.2: A^ = 1 spectrum of orientifold compactification. 



3.2 The effective action 

In this section we calculate the four-dimensional effective action of type IIA orientifolds 
by performing a Kaluza-Klein reduction of the ten-dimensional type IIA action 1)2.11) 
taking the orientifold constraints into account. Equivalently this amounts to imposing 
the orientifold projections on the N = 2 action of section |21 Inserting ()3.10p . ()3.15|) . 
fl3.16|) into the ten-dimensional type IIA action 1)2.11) and performing a Weyl rescaling of 
the four-dimensional metric we find 

S^ol = j -\R*1-Gabde A + llmAfap F° A + ^ReAfap A F'^ 

-dDA*dD- GKL{q)dq^ A*dq^ + \e^^\mMj^idi^ A*di^ , (3.19) 

where = dA"". Let us discuss the different couplings appearing in ()3.19p in turn. 
Apart from the standard Einstein-Hilbert term the first line arises from the projection 
of the N = 2 vector multiplets action. As we already observed the orientifold projection 
reduces the number of Kahler moduli from /i*^^'^) to h_'^'' {f^ t") but leaves the complex 
structure on this component of the moduli space intact. Accordingly the metric Gab{t) 
is inherited from the metric Gab of the N = 2 moduli space given in ()2.17|) . Since 

the volume form is odd only intersection numbers with one or three odd basis elements 
in f)2.18|) can be non-zero and consequently one has 

}Ca/3"f = ^aab = ^aa = = , (3.20) 
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while all other intersection numbers can be non- vanishing. This implies that the metric 
GAB{t^) of (j^.lTj) is block diagonal and obeys 

where 

/Cab = /Cafec f , /Co/3 = /C«/3a , /Ca = /Cafec V^'v'' , /C = /Cafoc v'^v'^v'' . (3.22) 

The same consideration also truncates the N = 2 gauge-kinetic coupling matrix Af^^ 
explicitly given in ()A.12|) . Inserting (j3.2(Jj) and (j3.22p one arrives at 

ReMaf} = -JCafSab" , ImMaf} = ICafi , J^aa = J^Oa = . (3.23) 

(The other non- vanishing matrix elements Af^i arise in the potential ()4.8j) once fluxes are 
turned on.) 

Let us now discuss the terms in the second line of (j3.19p arising from the reduction of 
the N = 2 hypermultiplet action which is determined by the quaternionic metric ()2.9|) . 
D is the the four-dimensional dilaton deflned in ()2.7p . The metric Gkl is inherited from 
the N = 2 Kahler metric Gkl{z, z) given in ()2.12j) and thus is the induced metric on the 
submanifold defined by the constraint (|3.3|) . More precisely, the complex structure 
deformations respecting (j3.3p can be determined from (j2.11|) by considering infinitesimal 
variations of VL 

n{z + 5z) = n{z) +6z^{d,Kn), = n{z) -6z^{K';%n-XK)z ■ (3.24) 

Now we impose the condition that both Q{z + 6z) and Q{z) satisfy (j3.3|) . This implies 
locally 

Sz^ d.KK"' = 5z^ d,KK'' , 5z^a*XK = e^'^Sz^XK , (3.25) 

where O^kK^'^ and xk are restricted to A^f . Using the fact that K^^ is a Kahler potential 
and therefore O-^kK'^^ 7^ 0, we conclude from the first equation in ()3.25p that for each 5z^ 
either the real or imaginary part has to be zero. This is consistent with the observation of 
the previous section that coordinates of M.'^ can be identified with the real or imaginary 
part of the complex structure deformations z^ . To simplify the notation we call these 
deformations collectively and denote the embedding map by p : Ai"^ ^ Ai'^^. Locally 
this corresponds to 

p: q'' = {q%qn ^ z"" = {q%iq'') , (3.26) 

for some splitting z^ = (z'^,z°"). In other words, the local coordinates on Ai^ are 
Re^;'^ = g'^ and Imz°" = q'^ while Imz'^ = = Rez°". Using the second equation in ()3.25|) . 
the embedding map (j3.26|) and the expression (j2.1(jp for the N = 2 metric G^L we also 
deduce that the Kahler form vanishes when pulled back to A^^- summary we have 

p*{GKidz^dz^) = GKL{q)dq^dq^ , p*{iGKidz^ A dz^) = . (3.27) 

The first equation defines the induced metric while the second equation implies that Ai^ 
is a Lagrangian submanifold of A4^^ with respect to the Kahler-form. 

^^From a supergravity point of view this has been discussed also in [T^ . 
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Finally, coming back to the action ()3.19|) the matrix Ai j^i is defined in analogy with 
(imni as 

A *ai = — Im Mj^i , J a^^ A = , 

b^A*b^ = -(ImM)-^^^, (3.28) 

where ImA^^^^ can be given explicitly in terms of the periods by inserting ()3.13|) into 
This yields 

l^M,, ^ -Im^^, + ^(Im^)^,,Re(CZ^O(Im^),^Re(CZ^) _ 

Re(CZ^)(Im^)^^Re(CZ^^) ^ ^ 

Similarly one obtains KeAi kL ~ ^ consistent with ()2.16|) which corresponds to the van- 
ishing of the second intersection in ()3.28|) . 

This ends our discussion of the effective action obtained by applying the orientifold 
projection. The next step is to rewrite the action ()3.19p in the standard = 1 super- 
gravity form which we turn to now. 



3.3 The effective action in the N=l supergravity form 

In = 1 supergravity the action is expressed in terms of a Kahler potential K, a 
holomorphic superpotential W and the holomorphic gauge-kinetic coupling functions / 
as follows 113 EI 

S^^^ = - j \R*l+KijdM^ A*dM^+\Ref^pF''A*F^ + \\mf^pF''AF^ + V*l , (3.30) 
where 

V = e^{K^-^DiWDjW - ^\W\^) + \ (Re Z)"^ '''^D^Dp . (3.31) 

Here the collectively denote all complex scalars in the theory and K^j is a Kahler 
metric satisfying Kij = djdjK. The scalar potential is expressed in terms of the Kahler- 
covariant derivative DjW = djW + {diK)W. 

Comparing ()3.19j) with ()3.3()j) using ()3.23j) and 1)3.111) we can immediately read off the 
gauge-kinetic coupling function fais to be 

fap = -iMaP = HCaPat" ■ (3.32) 

As required by = 1 supersymmetry the fajs are indeed holomorphic. Note that they 
are linear in the moduli and do not depend on the complex structure and ^-moduli. 

From (|3.19|) we also immediately observe that the orientifold moduli space has the 
product structure 

M^xM^ . (3.33) 

The first factor Ai^ is a subspace of the N = 2 moduli space with dimension 
/i^'^'* spanned by the complexified Kahler deformations t". The second factor /A^ is 
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a subspace of the quaternionic manifold Ai^ with dimension /i^^'^^ + 1 spanned by the 
complex structure deformations , the dilaton D and the scalars arising from C3. 
Let us discuss both factors in turn. 

As we already stressed earlier the metric Gab of (|3.19|) defined in (j3.2ip is a trivial 
truncation of the N = 2 special Kahler metric ()2.17|) and therefore remains special Kahler. 
The Kahler potential is given by 



K 



K 



In 



In 



J A J A J 



Y 



(3.34) 



where J is the Kahler form in the string frame. Moreover, can be obtained from 
the prepotential f(t) = —^]Cabct"'t''t^ by using equation ()A.10|) . It is well known that 
obeys the standard no-scale condition |^ 



3 . 



(3.35) 



The geometry of the second component in fl3.33|) is considerably more compli- 
cated. This is due to the fact that (j3.18|) defines a new complex structure on the field 
space. In the following we sketch the calculation of the Kahler potential for the basis 
{aj^,b^) and only summarize the results for a generic symplectic basis. The details of 
this more involved calculation will be presented in appendix lO 

To begin with, let us define the compensator C introduced in section 13.11 as 

C = e-^-^e^^^^'^)/^ , C ^ Ce^'='^('?) , (3.36) 

where K'^^ is the Kahler potential defined in ()2.12|) restricted to the real subspace A^r. 
We also displayed the transformation behavior of C under real Kahler transformations 
(I3.14|) . With this at hand one defines the scale invariant variable 

= Re(CZ^(g)) . (3.37) 

Inserted into ()3.19|) and using the Jacobian matrix encoding the change of variables 
{e^,q^) the second line fl3.19p simplifies as^^ 

= 2e'^ Im M {df A *dl^ + \di^ A *d^^) . (3.38) 
We see that the scalars and C,^ nicely combine into complex coordinates 

AT^ = i^^ + tl^ = i^^ + 2Re(CZ^) = i y fi, A 6^ , (3.39) 

which we anticipated in equation ()3.18p . The important fact to note here is that A^*"^ 
is equipped with a new complex structure and the corresponding Kahler coordinates 
coincide with half of the periods of Qc- This is in contrast to the situation in = 2 
where one of the periods {Z^) is a gauge degree of freedom and the Kahler coordinates 
are the special coordinates = /Z^. 

""^^The calculation of this result can be found in appendix |0 
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In order to show that the metric in ()3.38|) is Kahler we need the exphcit expression 
for the Kahler potential Using (j3.29p one obtains straightforwardly 



2e^''lmMj,i = d^^d^iK"^ , (3.40) 

where 

= -2 In [4iJ^{CZ)] , J^{Re{CZ)) = ^Re(CZ^) Im(CJ^^) . (3.41) 
Alternatively, using ()3.15|) and *Q = —iQ one derives the integral representation 



= -2 In 



j Re{CQ) A *Re{Cn) = - In e"^^ , (3.42) 



where in the second equation we used ()3.36p and ()2.12|) . In the form ()3.42|) the dependence 
of on the coordinates is only implicit and given by means of their definition ()3.39|) . 
Also obeys a no-scale type condition in that it satisfies 



ir^^ir^"^^K^,=4, (3.43) 

which can be checked by direct calculation. 

The analysis so far started from the symplectic basis {aj^,b^) introduced in (j3.9|) . 
determined the Kahler coordinates in ()3.39p and derived the Kahler potential in terms 
of the prepotential JF in 1)3.411) or as an integral representation in ()3.42|) . Now we need to 
ask to what extent this result depends on the choice of the basis ()3.9|) . Or in other words 
let us redo the calculation starting from an arbitrary symplectic basis and determine the 
Kahler potential and the proper field variables for the corresponding orientifold theory. 
Let us first recall the situation in the N = 2 theory reviewed in section |21 The periods 
{Z^,J^j^) defined in ()2.13p form a symplectic vector of Sp{2h^^''^^ + 2, Z) such that 
given in ()2.14|) and K'^'^ given in ()2.12|) is manifestly invariant. The prepotential J^{Z) = 
^Z^J-'j^ on the other hand does depend on the choice of the basis {aj^,P^) and is not 
invariant. 

For A^ = 1 orientifolds this situation is different since the orientifold projection ()3.3|) 
explicitly breaks the symplectic invariance.^^ This can also be seen from the form of 
the A^ = 1 Kahler potential ()3.41|) which is expressed in terms of the non-invariant 
prepotential. One immediately concludes that the result ()3.41|) is basis dependent and 
K'^ takes this simple form due to the special choice G H'l{Y) and G H'^{Y)}'^ 
On the other hand, the integral representation ()3.42|) only implicitly depends on the 
symplectic basis through the definition of the coordinates A^^. This suggest, that it is 
possible to generalize our results by allowing for an arbitrary choice of symplectic basis 
in the definition of the A^ = 1 coordinates. More precisely, let us consider the generic 
basis {aj^,P^), where we assume that the = h"^'^ + 1 basis elements (a^, /?'*') span H'l 

^^A symplectic transformation S preserve the form (a,/3) = / a A /3, such that (5q!,5/3) = (a,/3). 
On the other hand the anti-holomorphic involution satisfies ((t*q:, tr*/?) = —(a,/?). 

^"^Note that this is in striking analogy to the background dependence of the B model partition function 
as discussed in 0^1 ^] 
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and the h'^ = h'^'^ + 1 basis elements {ax, j3^) span H^. In this basis the intersections 
take the form 



= 4 , / a^A(3^ = 5^ , (3.44) 



Y 



with all other combinations vanishing. Applying the orientifold constraint (|3.3j) one 
concludes that the equations (j3.13|) are replaced by 

lm{CZ'') = Re(CJ-fc) = , Re{CZ^) = Im(CJ^^A) = . (3.45) 

Correspondingly, the expansions ()3.15|) and ()3.16|) take the form 

Cn = Re{CZ'')ak + tlm{CZ^)ax - Re{CJ^x)f3^ - ilm{CJ^k)(3'' , 

Cs = i^au-lx^\ (3.46) 

which implies that we also have to redefine the = 1 coordinates of A^^ in an appro- 
priate way. In appendix O we show that the new Kahler coordinates {N^,Tx) are again 
determined by the periods of VL^ and given by 



n.Aax = ^^x - 2Re{CJ^x) , (3.47) 

where we evaluated the integrals by using (j3.17|) and (j3.46j) . 

The Kahler potential takes again the form (j3.42p but now depends on A^'^, Tx and thus 
no longer simplifies to ()3.41|) . Let us compare the situation to the original N = 2 theory, 
which was formulated in terms of the Z^ or equivalently the special coordinates . 
Holomorphicity in these coordinates played a central role in defining the prepotential 
encoding the special geometry of A4^^ in (cf. section |2)). In contrast, the A^ = 1 
orientifold constraints destroy this complex structure and force us to combine Re{CQ) 
with the RR three-form C3 into Qc- The Kahler coordinates are half of the periods of Qc 
but now in this more general case also the derivatives of can serve as coordinates as seen 
in ()3.47p . However, as it is shown in appendix O Re{CJ^x) and e^^Im(C2''^) are related 
by a Legendre transformation of the Kahler potential. Working with this transformed 
potential and the coordinates Re{CZ^) and e'^^lm{CZ^) enables us to make contact to 
the underlying N = 2 theory in its canonical formulation. From a supergravity point 
of view, this Legendre transformation corresponds to replacing the chiral multiplets Tx 
by linear multiplets as described in appendix |Bl and O This is possible due to the 
translational isometrics of K, which arise as a consequence of the C3 gauge invariance 
and which render K independent of the scalars ^ and ^. We show in appendixOthat this 
also enables us to construct Ai^ from similar to the moduli space of supersymmetric 
Lagrangian submanifolds in a Calabi-Yau space as described by Hitchin This also 
allows us to interpret the no-scale condition ()3.43|) geometrically. 

Let us summarize the results obtained so far. We found that the moduli space of 
A^ = 1 orientifolds is indeed the product of two Kahler spaces with the Kahler potential 



K = + = -In 



1 / JAJAJ 


- 2 In 


['I 


1- Jy ^ 




Jy 



Re{Cn) A *Re{Cn) . (3.48) 



16 



The first term depends on the Kahler deformations of the orientifold while the second 
term is a function of the real complex structure deformations and the dilaton. The N = 1 
Kahler coordinates are obtained by expanding the complex combinations^^ 

= C3 + 2iRe{Cn) , Jc = B2 + iJ , (3.49) 

in a real harmonic basis of H^{Y) and H^'^\y) respectively. Note that K does not 
depend on the scalars arising in the expansion of B2 and C3, such that the Kahler 
manifold admits a set of h^} + /i^^'^^ + 1 translational isometrics. In other words K 
consists of two functionals encoding the dynamics of the two-form J and the real three- 
form Iie{CQ)}^ Moreover, irrespective of the chosen basis the Kahler potential obeys 
the no-scale type conditions ()3.35|1 and ()3.43j) . ()(I20|1 . 

However, these two statements are violated when further stringy corrections are in- 
cluded. K receives additional contributions due to perturbative effects as well as world- 
sheet and D2 instantons. It is well-known that the combination Jc = B2 + iJ gives 
the proper coupling to the string world-sheet such that world-sheet instantons correct 
the holomorphic prepotential as f(t) = —^ICabct'^tH'^ + 0(e~*). Since we divided out the 
world-sheet parity these corrections also include non-orient able Riemann surfaces, such 
that the prepotential f(t) consists of two parts f{t) = forif) + funorit). The function for 
counts holomorphic maps from orientable world-sheets to Y, while funor counts holomor- 
phic maps from non-orientable world-sheets to Y [49j. In the next section we show that 
D2 instantons naturally couple to the complex three-form fl^ and they are expected to 
correct K^. 



4 The effective action in the presence of background 
fluxes 



In this section we derive the effective action of type IIA orientifolds in the presence of 
background fluxes. For standard N = 2 Calabi-Yau compactifications of type IIA a 
similar analysis is carried out in refs. . In order to do so we need to start from the 

ten-dimensional action of massive type IIA supergravity which differs from the action 
()2.1|) in that the two-form B2 is massive. In the Einstein frame it is given by 



S 



(10) 
MIIA 



2^ 



F2 A *F2 



Sc^^Fa a *Fa 



2^ 



[m 



top ; 



(4.1) 



where 



top 



B2 A dC3 A dC3 - {B2f A dC3 A dAi + \{B2f A {dAiY 



-^{B2f A dC3 + ^{B2f A dA, + ^^{B 



(4.2) 



^^This combination of forms has also appeared recently in ref. @H1 in the discussion of D-instanton 
couplings in the A-model. Here they appear as the proper chiral TV = 1 variables and as we will see in 
the next section they linearize the D-instanton action. 

i^The functions V[Re{Cn)] = / Re(Cf7) A *Re(Cfi) and V[J] = J J A J A J are known as Hitchins 
functionals (HOI- The orientifold constraints H3.2|l and restricts their domain to J G H^{Y) and 

Re{cn) e Hl{Y). 
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and the field strengths are defined as 

H3 = dB2, F2 = c^ii + m°E2 , = dCs - Ai A H3 - ^{B2f . (4.3) 

Compared to the analysis of the previous section we now include non-trivial background 
fiuxes of the field strengths F2, and F4 on the Calabi-Yau orientifold. We keep the 
Bianchi identity and the equation of motion intact and therefore expand F2, and F4 
in terms of harmonic forms compatible with the orientifold projection. From ()3.6|) we 
infer that F2 is expanded in harmonic forms of H'^{Y), in harmonic forms of H^{Y) 
and F4 in harmonic forms of H^iY)}'' Explicitly the expansions read 

^3 = , F2 = -m'^iUa , F, = eai:u\ (4.4) 

where {q^,Pk) are h^"^'^^ + 1 real NS fiux parameters while (ea,m'^) are 2h]l^ real RR fiux 
parameters. The harmonic forms {ax, (3^) are the elements of the real symplectic basis 
of H'^ introduced in ()3.44|1 . The basis 0"" of H^''^^ is defined to be the dual basis of Ua 
while the basis cu" denotes a basis of H_ ' dual to uj^- 

Inserting dnUHl), (HnHl) and (lOj) into (lOll we arrive at 

= c/6'^Acu, + gV-Pfc/9\ F2 = (mV + m") u;, , (4.5) 

F4 = dC^i + c/A" A + di^ A at- d^x A + (6"m^ - \m%%^) JCabc^^ + eaCo\ 

where we have used Ua Aub = KLabc Now we repeat the KK-reduction of the previous 
section using the modified field strength ()4.5|1 and the action ()4.H] instead of (jSH])- This 
results in^^ 

^(4) = S^ol - j f rfC3 A *dc3 + hdC3 + U*l , (4.6) 

where SqI is given in (j3.19p . C3 is the four-dimensional part of the ten-dimensional 
three-form C3 defined in (j3.16p and its couplings to the scalar fields are given by 

^ = e-^<^(f)' , /, = e,6« + eAg"-eV + iReA^oam^ (4.7) 

where we denoted = {rnP,m°'). The potential term U of ()4.(j|l is given by 

U = ^e"f> j HsA*Hs- §e^^lmM,-,m''m' + §e''t'G''\ea-ReJ\faam''){eb-ReM,^m')^ 

(4.8) 

where 

j^H^A *H, = -{pk - ReMuxq^){\mM)-'^\pi - ReMixq^) - ImA^.^g^g" • (4.9) 

The matrix Af^(,it, i) is defined to be the corresponding part of the N = 2 gauge-coupling 
matrix ()A.12|) restricted to Ai^ by applying ()3.20j) and ()3.21|) . Similarly the matrices 

we observed in the previous section there is no Ai due to the absence of one-forms on the 
orientifold. Nevertheless its field strength F2 can be non-trivial on the orientifold since Y generically 
possesses non-vanishing harmonic two-forms. 

^^The action SqI is given in H3.19|l . However, due to the fact that we perform the Kaluza-Klein 
reduction in the generic basis introduced in H3.44|l the kinetic terms for M'-^ are replaced by HC.3|I . 
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■Mix, -M-^x, M-ki are obtained from the N = 2 matrix A4 p^i defined in flA.8|) by applying 
the orientifold constraints (j3.45j) . i.e. restricting them to the subspace A^f . 

In four space-time dimensions C3 is dual to constant which plays the role of an addi- 
tional electric flux cq in complete analogy with the situation in = 2 discussed in |36j . 
In order to write the action in terms of cq instead of C3 we follow [32] and add it as a 
Lagrange multiplier to the action ()4.6p 

5(4) _ ^(4) ^g^^^^ _ (4.10) 

Treating dc^ as an independent four- form its equation of motion reads ^dc^ = —{h + eQ)/g 
which can be used to eliminate dc^ in favor of cq.^^ Inserted back into ()4.10|) one finds 

Si^) = S^^l + Jv*l, (4.11) 

where 

V = U + J l-{h + eo)^ . (4.12) 

Inserting ()4.8p we arrive at 

^ = )^e2<^y"^3A*if3-§e^^ea-A4cm'^)(ImAr)-i'^^(gg-A4,m^) , (4.13) 

where we introduced the shorthand notation = (co+^a?'^— ^^^P^, ^a) and = (m°, m"). 
Note that in the presence of NS flux one can absorb Cq by shifting the fields ^, ^. This 
corresponds to adding an integral form to C3 as carefully discussed in [22] • However, 
for the discussion of mirror symmetry it is more convenient to keep the parameter Cq 
explicitly in the action. 

In order to establish the consistency with = 1 supergravity we need to rewrite 
V given in ()4.13j) in terms of ()3.3H1 or in other words we need express V in terms of a 
superpotential W and appropriate D-terms. From ()4.fi|l we infer that turning on fluxes 
does not charge any of the fields and therefore all D-terms have to vanish. In order to 
determine W we first need to compute the inverse Kahler metric. Using ()B.11|) . ()C.10|) 
and ()2.16|) we find 

^T.f, ^ 2e-2^ Ja^A *ax , K^'^' = ze'^^ J ax A , 

^7V*iV' ^ l^-2D J ^k^ ^^l ^ ^tH-^ ^ ^ab ^^^^^^ 

With the help of (jHHl), (pOT]l and (jT^ one checks that the potential ^^^^ can be 
entirely expressed in terms of the superpotential 

W = W^{N,T) + W^{t) , (4.15) 



^^An alternative derivation is given in ref. Minimizing U with respect to dcs sets it to the value 
>i=dc3 = —h/g. Inserted back into U only gives its classical value while quantum mechanical states labeled 
by integers cq shift h as given in H4.12|l . 

^°In type IIB orientifolds with 05/ 09 planes a D-term and massive tensor fields appeared when NS- 
flux are turned on |21J . The mirror symmetric situation corresponds to compactifications on half- flat 
manifolds exactly as in iV = 2 [HS]. Work along these lines is in progress |51j . 
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where 

J^n^AHs = -2N'pk - iTxq^ , (4.16) 
eo + / Jc A F4 - i / Jc A Jc A F2 - im° / J, A J, A Jc , 

JY JY JY 

eo + eat" + - \m^lCab,tHH' , 

and VLc and are defined in ()3.49p . We see that the superpotential is the sum of 
two terms. W'^ depends on the NS fluxes {pkA^) of and the chiral fields ,Tx 
parameterizing the space M.^. depends on the RR fluxes {ea,m^) of F2 and F4 

(together with m° and eo) and the complexified Kahler deformations parameterizing 
Ml^. We see that contrary to the type IIB case both types of moduli, Kahler and 
complex structure deformations appear in the superpotential suggesting the possibility 
that all moduli can be fixed in this set-up. This has recently also been observed in 
ref. [21]. A more detailed phenomenological investigation will be presented elsewhere. 

Let us close this section by briefly discussing possible instanton corrections to the 
superpotential ()4.15|) . They can arise from worldsheet instantons wrapping the string 
around two-cycles of the orientifold or from wrapping Z}2-branes around three-cycles S3 
|52j . The first set of corrections contribute analogously to the N = 2 theory with the 
difference that also non-oriented worldsheets can contribute as discussed at the end of 
the previous section. 

The second set of correction comes from wrapping D2-branes around three-cycles 
and can be viewed as the mirror symmetric corrections to the ones discussed in 
A computation of such corrections is beyond the scope of this paper but let us make 
the observation that they amount to holomorphic contribution in W when expressed in 
the proper Kahler variables (|3.47|) . This can be seen from the fact that any correlation 
function is weighted by the string-frame world- volume action of the wrapped Euclidean 
D2-branes and thus includes a factor e"'^°^ where^^ 

5D2 = -/i3e-*/ d'xJdet {if*{g + B2) + 2na'F2) + tfis [ ^*{Cs) . (4.17) 

JW-i JW3 

VV3 is the world- volume of the Z}2-brane and is the pullback of the map which embeds 
W3 into Calabi-Yau orientifold Y ip : VV3 ^ Y. The first term is the Dirac-Born-Infeld 
action describing the couplings of the D2-brane to the bulk metric and the bulk 5-field 
while the second term is the Chern-Simons action which represents the coupling to the 
RR 3- form C3. We have chosen the RR charge fi^ equal to the tension since the wrapped 
i52-branes must be BPS in order to preserve = 1 supersymmetry. In fact there is an 
additional condition arising from the requirement that the D2-branes preserves the same 
supersymmetry that is left intact by the orientifold projections. This in turn implies that 
both the D2-brane and the internal part of the 06-planes wrap special Lagrangian cycles 
calibrated with respect to the same real three-form. 

The calibration condition for Euclidean D2-branes has been derived in refs. [^21 Ell- 
in order to adjust the normalization to the case at hand let us recall that the unbroken 

^-'^The possible extra term Ai A B2 does not appear in the Chern-Simons part of (|4.17(l since Ai is 
projected out by the orientifold. 
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supercharge has to be some hnear combination e = a~^e^ + a~e_ of the two covariantly 
constant spinors e+ and e_ of the original N = 2 supersymmetry. Let us denote the 
relative phase of a+ and a" by a~ /a^ = — ze*^^ while the absolute magnitude can be 
fixed by the normalization of fl. From J = ye~^^ J Q Afl one infers 

= v^e^(^"-^^^) , (4.18) 

where Kahler potential K^{t) is given in ()3.34j) while K^^{q) is the restriction of the 
Kahler potential ()2.12|1 to the real slice A^^. The existence of e imposes constraints on 
the map y?. These BPS conditions read 

= e^+*^s-^det {^*{g + B2) + 2Tta'F2)d^X , ip*J, + i27TaF2 = 0, (4.19) 

where Jc is given in (jSHH). The second condition in ()4.19p enforces V9*(J) = as well as 
if*B2 + 2TTa'F2 = 0, such that the first equation simplifies to 

ip*Re{e-'^^n) = e^^det {ip*g)d^\ , ^*lm{e-'^^n) = , (4.20) 

where we have used that the volume element on VV3 is real. The equations ()4.19|) and 
fl4.20|) imply that the Euclidean D2 branes have to wrap special Lagrangian cycles in 
Y, which are calibrated with respect to Re(e~'^~'^^i7). On the other hand, recall that 
the orientifold planes are located at the fixed points of the anti-holomorphic involution a 
in Y which are special Lagrangian cycles calibrated with respect to Re(e~'^~*^f2) as was 
argued in eqs. ()3.4j) and ()3.5|) .^^ Thus, in order for the D-instantons to preserve the same 
linear combination of the supercharges as the orientifold, we have to demand 6b = 0. 
Using this constraint and inserting the calibration conditions ()4.2()|1 back into ()4.17|1 one 
finds 

SD2 = -2fi3 [ v*[Re{CQ)]+tfis [ V>*iCs) = -t [ </^*^^c , (4.21) 

where C = |e^'^^*^e^'^ was defined in eqs. fl3.36p . ()2.7p and Qc is given in ()3.49|) . The 
coefficients of flc expanded in a basis of H'l[Y) are exactly the = 1 Kahler coordinates 
(A^^TA) introduced in (jSTTD. As a consequence the instanton action (j4.2ip is linear 
and thus holomorphic in these coordinates which shows that Z}2-instantons can correct 
the superpotential. Explicitly such corrections can be obtained by evaluating appropriate 
fermionic 2-point functions which are weighted by e~'^^^ [22]. Applying ()4.21|) and keeping 
only the lowest term in the fluctuations of the instanton one obtains corrections of the 
form 

WD3 0ce'^^^^\ (4.22) 

where E3 is the three-cycle wrapped by the D2 instanton. This result can be lifted 
to M-theory by embedding Calabi-Yau orientifolds into compactifications on special G2 
manifolds. In this case the D2 instantons correspond to membranes wrapping three-cycles 
in the G2 space which do not extend in the dilaton direction [23 • The embedding of 
IIA orientifolds into G2 manifolds and the comparison of the respective effective actions 
is the subject of the next section. 

^^e"'^ is the normalization factor which was left undetermined in 1)3. 5|l . 
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5 The G2 embedding of IIA orientifolds 



In this section we discuss the relationship between the type IIA Calabi-Yau orientifolds 
considered so far and G2 compactifications of M-theory. In refs. [26j it was argued that 
for a specific class of G2 compactifications X, type IIA orientifolds appear at special loci 
in their moduli space. More precisely, these G2 manifolds have to be such that they 
admit the form 

X = {Y X S^)/a , (5.1) 

where F is a Calabi-Yau threefold and 6" = (a, —1) is an involution which inverts the 
coordinates of the circle and acts as an anti-holomorphic isometric involution on Y . 
a and a can have a non-trivial fixpoint set and as a consequence X is a singular G2 
manifold. In terms of the type IIA orientifolds the fixpoints of o are the locations of the 
06 planes in Y and as we already discussed earlier cancellation of the appearing tadpoles 
require the presence of appropriate D6-branes. In this paper we froze all excitation of 
the Z}6-branes and only discussed the effective action of the orientifold bulk. In terms 
of G2 compactification this corresponds to the limit where X is smoothed out and all 
additional moduli arising in this process are frozen. 

The purpose of this section is to check the embedding of type IIA orientifolds into G2 
compactifications of M-theory at the level of the = 1 effective action. For orientifolds 
the effective action was derived in sections 3 and 4 and so as a first step we need to recall 
the effective action of M-theory (or rather eleven-dimensional supergravity) on smooth 
G2 manifolds |2Il 123 EOl ED E21 • 

The only multiplet in eleven-dimensional supergravity is the supergravity multiplet, 
which consists of the metric gw and a three-form C3 as bosonic components. The effective 
action for these fields is given by jSHl 

^(11) = ^ /" li? * 1 _ 1^4 A - Y^Cs A ^4 A G4 , (5.2) 
^11 J 

where 6*4 = (iCs is the field strength of C3. As in the reduction on Calabi-Yau manifolds 
one chooses the background metric to admit a block-diagonal form 

ds" = ds\{x) \ dsljyy) , (5.3) 

where ds\ and ds\^ are the line elements of a Minkowski and a G2 metric, respectively. 
The Kaluza-Klein Ansatz for the three-form C3 reads 

Cs = c'(x) 0i + A"(x) A , i = \,...,\?{X) , a = 1,...,62(X) (5.4) 

where c' are real scalars and A" are one-forms in four space-time dimensions. The 
harmonic forms 0j and span a basis of H^{X) and H'^{X), respectively. The G2 
holonomy allows for exactly one covariantly constant spinor which can be used to define 
a real, harmonic and covariantly constant three-form The deformation space of the 
G2 metric has dimension b^{X) = dimi7^(X, M) and can be parameterized by expanding 
$ into the basis (pi [30] 

^ = s\x)(j)i. (5.5) 

^•^The covariantly constant three-form is the analog of the holomorphic three-form fl on Calabi-Yau 
manifolds. 
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One combines the real scalars s* and c* into complex coordinates according to 

S' = d + is' , (5.6) 

which form the bosonic components of h^{X) chiral multiplets. In addition the effective 
four-dimensional supergravity features h'^{X) vector multiplets with the A" as bosonic 
components. Due to the = 1 supersymmetry, the couplings of these multiplet are 
again expressed in terms of a Kahler potential , gauge-kinetic coupling functions 
and a (flux induced) superpotential Wg2- Let us discuss these functions in turn. 

The Kahler potential was found to be [2^1 ISOl US iS2j 

= -31n(;^i / $A*$) , (5.7) 

where | J $ A *$ = vol(X) is the volume of the G2 manifold X. The associated Kahler 
metric is given by 

didjKc^ = ivol(X)-i f ^ Q^-^^^ ^ ivol(X)-i / 0. A *$ , (5.8) 

Jx Jx 

and obeys the no-scale type condition 

{diKG2)Kg{djKG2) = 7 . (5.9) 

The holomorphic gauge coupling functions arise from the couplings of C3 in ()5.2|) . 
At the tree level they are linear in 5* and read [23 1^ 

Ug^U =2^S' f <P^^^a^UJp. (5.10) 

" Jx 

Finally, non-vanishing background flux of 6*4 induces a scalar potential which via 
(I3.31|) can be expressed in terms of the superpotential |2H1 12^1 IS2] 

Wg, = ^1 (|C3 + ^$)AG4. (5.11) 

(The factor 1/2 ensures holomorphicity of Wg2 in the coordinates and compensates 
the quadratic dependence on C3 [S2]-) 

In order to compare the low energy effective theory of G2 compactiflcations with the 
one of the orientifold we flrst have to restrict to the special G2 manifolds X introduced in 
()5.1|) . This can be done by analyzing how the cohomo logics of X are related to the ones 
of Y . As in equation ()3.7p we consider the splits H^{Y) = © of the cohomologies 
into eigenspaces of the involution a. Working on the G2 manifold X given in ()5.1|) we 
thus find the a-invariant cohomologies 

H\X) = HliY) , H\X) = Hl{Y) ® [Hl{Y) h Hl{S^)\ , 

H\X) = Ht{Y) A H^_{S^) , H\X) = HX{Y) ® [H^_{Y) A Hl{S^)] , 

(5.12) 

where H'^{X) and H^{X) as well as H^{X) and H^{X) are Hodge duals. H\{S^) is the 
one-dimensional space containing the odd one-form of S^. The split of H^{X) induces a 
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split of the G2-form $ which is most easily seen by introducing locally an orthonormal 
basis (e\ . . . , e'^) G A^(X) of one-forms. In terms of this basis one has jSHl ISHl ISZ| 

^ = JAiAe^ + ReflM, *$ = ^ Ja/ A Ja/ + Im^A/ A e'^ , (5.13) 

where 

JM = e^ Ae'^ + e^ Ae^ + e^ Ae\ Qm = {e^ + ie^) A {e^ + ie^) A {e^ + ie^) . (5.14) 

Applied to the manifold (|5.1|) we may interpret = dy"^ as being the odd one-form 
along S^. Since $ is required to be invariant under a and a is anti-holomorphic the 
decomposition ()5.13|) implies 

o'*Jm = —Jm 5 a*QM = • (5.15) 

In terms of the basis vectors e^, . . . , this is ensured by choosing e"^, e^, to be odd 
and e^,e^,e^ to be even under a. We see that Jm and f^Af satisfy the exact same 
conditions as the corresponding forms of the orientifold (c.f. ()3.2|) . ()3.3p ) and thus have 
to be proportional to J and Cf2 used in sectional In order to determine the exact relation 
it is neccesary to fix their relative normalization. The relation between Jm and the Kahler 
form J in the string frame can be determined from the relation of the respective metrics. 
Reducing eleven-dimensional supergravity to type IIA supergravity in the string frame 
requires the line element (j5.3j) of the eleven-dimensional metric to take the form 

ds' = e-'^/'dslix) + e-'^/'g^,)abdy''dy' + e'^/'\dy'f , (5.16) 

where a,b = 1,...,6. The factors e"^ of the ten-dimensional dilaton are chosen such that 
the type IIA supergravity action takes the standard form with (^(s) being the Calabi-Yau 
metric in string frame (see e.g. ^). Consequently we have to identify 

= 6-2-^/3 J . (5.17) 



Similarly, using (j5.14j) we find that the normalization of Qm is given by 

3i 

Jm a Jm a Jm = —^m A VLm ■ (5.18) 
Integrating over Y and using ()5.17|) . ()3.34|) and ()2.12|) we obtain 

= e-^-^e^(^^=-^") n = VsCn , (5.19) 

where C is given in ()3.3(')j) . The phase e*^ drops out in ()5.18|1 such that we can choose it 
as in ()3.3j) in order to fulfill ()5.15|) . Inserting Jm and Qm into equation ()5.15j) one arrives 
at 

<!) = JAdf + V8Re{Cn) , (5.20) 

where we defined rfy'' = e~~3dy'^. The form rfy'' is normalized such that J^i dy"^ = 27tR 
where the metric ()5.16jl was used and R is the 0-independent radius of the internal circle. 
We also set k^q = k\^/2t[R = 1 henceforth. Using ()5.20|1 . ()5.13j) and ()3.3(jj) we calculate 

^ i /" $ A *$ = e"^ i / JAJAJ, (5.21) 
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which equivalently can be obtained by applying the volume split vol(X) = vol(y)-vol(5'^) 
evaluated in the metric (j5.16p . Inserting (j5.21|) into (|5.7|) using (j3.36p we obtain 



Kg, = -In 



J A J A J 



- 21n 



2 / Re{Cn) A *6^e{Cn) . (5.22) 



Thus we find exactly the Kahler potential K of the type IIA orientifold as given in 

In order to compare the gauge kinetic functions and the superpotential we also need 
to identify the Kahler coordinates of the two theories. C3 splits under the decomposition 
()5.12|) of the cohomologies as^^ 

C3 = ^2 A dy'' + V2Cs , (5.23) 

where B2 is an odd two-form on Y and C3 an even three-form on Y. Combining ()5.2()j) 
and ()5.23|) using ()3.49|) one finds 

S'(j), = Cs + i^ = Jc Ac/y^ + V2fic . (5.24) 

As discussed after fl3.49|l the coefficients arising in the expansions of Jc and Qc into the 
basis {ak,P^) of if^(F) and Ua of H'^(Y) are exactly the orientifold coordinates and 
therefore we have to identify S"" = and = (A^^, T\). With this information at hand, 
it is not difficult to show that the gauge- kinetic couplings ()5.10p coincide with ()3.32|) . 
One sphts (j)a = uja A dy'^ and obtains 

(/G2)a/3 = UaAuJaAuJp ~ if'JCaafS = ifoY)af3 , (5.25) 



Jy 

where the precise factor depends on the normalization of the gauge fields. 

It remains to compare the fiux induced superpotentials (j5.11|) with (j4.15|) . Using 
the cohomology splits ()5.12|) and ()5.23|) the background fiux splits accordingly as G4 = 
Hi A dy'^ + \plF^. Inserted into ()5.1H) using ()5.24|) we arrive at 

WG, = j=^j^JcAF, + j=^j^Q,AH3 (5.26) 

Compared to ()4.15|) the superpotential Wg, only includes terms proportional to the fiuxes 
H3 and F^."^^ The remaining terms in ()4.15|) should arise once manifolds with G2 structure 
(instead of G2 holonomy) are considered. However, the discussion of this generalization 
is beyond the scope of this paper. 



6 Mirror symmetry 

In this section we discuss mirror symmetry for Calabi-Yau orientifolds from the point of 
view of the effective action derived in the large volume limit. More precisely, we compare 

^''in terms of the Hitchin functionals [3(7 recently discussed in ISSI, IS^ the reduction of the G2 Kahler 
potential l|5.7|l corresponds to the split of the seven-dimensional Hitchin functional to the two six- 
dimensional ones 15.221 

^^We have introduced a factor of \/2 for later convenience. 

^^The term proportional to eo in 1)4.16(1 can be absorbed into a redefinition of Ret"" |^ . 
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the = 1 data obtained in the previous sections for type IIA orientifolds with the ones 
determined in ref. [23 fo^' typs HB orientifolds. In order to do so we need to briefly 
review some properties of type IIB Calabi-Yau orientifolds [HI UHl 1^ ■ 

Similar to type IIA the type IIB orientifolds are obtained by modding out IIB string 
theory compactified on a Calabi-Yau manifold y by a discrete symmetry O which is 
involutive = 1 and includes worldsheet parity Qp. For type IIB one has two distinct 
choices for O depending on the transformation properties of the Calabi-Yau three-form 
Q. They are given by |Hl HHj 

O, = n^aBi-f^ , ^*B^ = , 03/07 , 

O2 = VLpffB , (^B^ = ^ , 05/09 . 

Modding out by Oi leads to the presence of 03/07 planes while modding out by O2 
results in 05/09 planes, as is again an involutive symmetry cr^ = 1 which acts on the 
Calabi-Yau coordinates but in contrast to the situation in type IIA it is a holomorphic 
isometry of Y and therefore obeys in both cases a*^J = J. 

The A^ = 1 spectrum is obtained from the invariant modes of the ten-dimensional 
type IIB fields 0b, Oq, -B2, O2 and C*4. Without repeating the details one finds that in 
analogy to ()3.6|) the invariant modes have to transform according to PH] 

05/09 

(^*bCo = -Co , (6.2) 

cr%C2 = C2 , 

(TI5O4 = — O4 , 

where the first column is identical for both involutions in (jb.lj) . 

Since is a holomorphic involution the cohomologies of Y split again into eigenspaces 
of (Tb as 

In the Kaluza-Klein reduction on Y, the ten-dimensional fields are expanded in harmonic 
forms in the appropriate eigenspaces of 0"^. Inserting these expansions into the ten- 
dimensional IIB supergravity action results in an A^ = 1 supergravity in c? = 4 which can 
be brought into the form ()3.30|) and therefore is characterized by a Kahler potential, a 
set of gauge-kinetic functions and a superpotential. For both cases (03/07 and 05/09) 
these A^ = 1 data have been determined in ref. [21] and we recall the results as we go 
along. 

Analogously to (j3.33p the moduli space of type IIB orientifolds locally is a direct 
product of two Kahler manifolds 

-Ml X , (6.4) 

where is again a special Kahler manifold obtained by reducing the type IIB N = 2 
special Kahler manifold while 7W§ is a Kahler subspace of the N = 2 quaternionic 
manifold. However, in type IIB the manifold is spanned by the complex structure 
deformations of Y respecting the constraints (j6.1|) . This implies that it can be parame- 

(2, I'l (2, 1) 

terized hj h_' complex scalars z"" for orientifolds with 03/07 planes and h\' complex 



(r%4> = 4> , 
c^*b9^ = 9 ^ 
(^5-82 = —B2 , 



03/07 





Co 


cr*BC2 = 


-C2 




O4 
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scalars 2;" for orientifolds with 05/09 planes. M.'^ has complex dimension /i'^^'^^ + 1 
for both type IIB theories and includes the type JIB dilaton, the Kahler deformation 
of Y and the scalars arising from -62,0*2 and O4. Additionally the IIB effective theory 
contains h\' {h_' ) vector multiplets for orientifolds with 03/07(05/09) planes. We 
summarize the number of chiral and vector multiplets in table 16.11 



multiplets 


IIAy 06 


IIB^ 03/07 


IIB^ 05/09 


vector multiplets 








chiral multiplets in Ai^ 








chiral multiplets in Ai^ 


/,(2,1) + 1 


/i(i'i) + 1 


/i(i'i) + 1 



Table 6.1: Number of iV = 1 multiplets of orientifold compactifications. 



Since we want to discuss mirror symmetry we choose Y to be the mirror manifold of 
Y. This implies that the non-trivial Hodge numbers h^^'^^ and h^'^'^^ of Y and Y satisfy 

= , = . (6.5) 

In addition, we also have to specify the involutions a a and as which are identified under 
mirror symmetry. Since the discussion in this paper is quite generic and never specified 
any involution a explicitly we also keep the discussion of mirror symmetry generic. That 
is we assume that there exists a mirror pair of manifolds Y and Y with a mirror pair of 
involutions (Ta,^"^. This implies an orientifold version of ()6.5|) .^'^ i.e. 

03/07 : hh\Y) = h^_l\Y) , h^iY) = hf{Y) , 

05/09 : hh\Y) = h^_;\Y) , h^_;\Y) = h^_!\Y) . (6.6) 

Our next task will be to match the couplings of the mirror theories. Since the effec- 
tive actions on both sides are only computed in the large volume limit we can expect to 
find agreement only if we also take the large complex structure limit exactly as in the 
N = 2 mirror symmetry. However, if one believes in mirror symmetry one can use the 
the geometrical results of the complex structure moduli space to 'predict' the corrections 
to its mirror symmetric component. This is not quite as straightforward since the full 

= 1 moduli space is a lot more complicated than the underlying N = 2 space |l(Jj . 
Let us therefore start our analysis with the simpler situation of the special Kahler sec- 
tors Ai^, Ai^ and the vector multiplet couplings and postpone the analysis of M^b 
sections IfTTTl and KT^ 

6.1 Mirror symmetry in A4^ 

Recall that the manifold Ai^ is spanned by the complexified Kahler deformations 
preserving the constraint (j3.2j) . Under mirror symmetry these moduli are mapped to the 

^^For the sector of ^4*^ mirror symmetry is a constraint on the couplings rather than the Hodge 
numbers. 



27 



complex structure deformations which respect the constraint ()6.ip . In both cases the 
Kahler potential is merely a truncated version of the N = 2 Kahler potential and one 
has 



= -In 



J A J A J 



Y 



K'j^ = -In 



-i QaQ 



(6.7) 



Both Kahler potentials can be expressed in terms of prepotentials fA{t),fB{z) and in 
the large complex structure limit becomes cubic and agrees with fA{t)- Mirror 

symmetry therefore equates these prepotentials and exchanges with A exactly as 
in = 2 

fA{t) = fB{z), j'^nAn. (6.8) 

Thus for Ai^ mirror symmetry is a truncated version of = 2 mirror symmetry. As we 
will see momentarily this also holds for the couplings (the gauge kinetic couplings and 
the superpotential) which depend on the moduli spanning Ai^. 

In type IIA the gauge-kinetic couplings are given in (|3.32|) and read fa/sit) = iK-apcf^- 
The IIB couplings were determined in ref. j2I] to be 

/a/3(^") = -^Ma^ = -iTo^p , (6.9) 

where in order to not overload the notation we are using the same indices for both cases. 
More precisely we are choosing 

a,/3 = l,...,/iJ'^^(F) , a,b = l,...,h'^^'^\Y) , for 03/07, 

a,f3 = l,...,h^^'^\Y) , a,b = l,...,h^+^\Y) , for 05/09. (6.10) 

The matrix J-'ajsiz"') is holomorphic and the second derivatives of the prepotential re- 
stricted to A^§. In the large complex structure limit J-'ais is linear in z"' and therefore 
also agrees with the type IIA mirror couplings. Thus mirror symmetry implies the map 



Afa,3{tn = Mafsiz^) , (6.11) 



in both cases. 



It is also straightforward to match the superpotentials which are induced by RR 
background flux. For both type IIB cases they are given by 



Wb{z'') = QAFs, (6.12) 



Y 



where F3 is the flux of the field strength of The two-form C2 transforms differently 
in the two IIB orientifolds as can be seen in ()6.2|) . Therefore F3 sits in H'^{Y) and is 
determined in terms of 2h_' + 2 real flux parameters for the 03/07 case and sits in 
H'l{Y) depending on 2/;,^'^^ + 2 real flux parameters for the 05/09 case. On the IIA side 
the superpotential W^lt"') is given in ()4.16p and can be succinctly written as [T^ I 



WA{t) = / e'^AFnR , (6.13) 



^We rescaled the type IIB gauge bosons by V2 in order to properly match the normahzations. 
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where Fur stands for a formal sum over all even RR-fluxes. It depends on + 2 

RR fluxes (ea,m") in agreement with ()6.6|) . Furthermore, the functional dependence of 
the superpotentials coincide under the mirror map ()6.8|) which more generally can also 
be written as [^0] 

e'^it)^niz), Frr^Fs. (6.14) 

This concludes our discussions of mirror symmetry for the chiral multiplets which span 
Ai^. We have shown that the Kahler potential, the gauge-kinetic coupling functions and 
the RR superpotential agree in the large complex structure limit under mirror symmetry. 
In this sector the geometrical quantities on the type IIB side include corrections which are 
believed to compute worldsheet non-perturbative effects such as worldsheet instantons 
on the type IIA side. This is analogous to the situation in = 2 and may be traced 
back to the fact, that it is still possible to formulate a topological A model counting 
world-sheet instantons for Calabi-Yau orientifolds jHl EH] • 

6.2 Mirror symmetry in 

Let us now turn to the discussion of the Kahler manifolds Ai^ and Ai^ arising in the 
reduction of the quaternionic spaces. On the IIA side the Kahler potential is given in 
(I3.48P which is expressed in terms of the /i*^^'^^ + 1 coordinates (A^^, Tx) defined in (|3.47p . 
In this definition we did not fix the scale invariance (j3.14j) — >■ ile'^^^^"^ or in other words 
we defined the coordinates in terms of the scale invariant combination CQ. Somewhat 
surprisingly there seem to be two physically inequivalent ways to fix this scale invariance. 
In A^ = 2 one uses the scale invariance to define special coordinates = /Z^, = 1 
where Z^ is the coefficent in front of the base element Oq. The choice of Z^ is convention 
and due to the symplectic invariance any other choice would be equally good. However, 
as we already discussed in section 3.1 and 3.3 the constraint fl3.3|) breaks the symplectic 
invariance and decomposes into two eigenspaces H'l © . Thus in fl3.46p we have 
the choice to scale one of the Z'' equal to one or one of the Z^ equal to i. Denoting 
the corresponding basis element by a^, these two choices are characterized by G H'l 
or cto G H^. This choice identifies the dilaton direction inside the moduli space and 
therefore is crucial in identifying the type IIB mirror. This is related to the fact that in 
type IIB the dilaton reside in a chiral multiplet for 03/07 orientifolds and in a linear 
multiplet for 05/09 orientifolds. Let us discuss these two cases in turn. 

6.2.1 The Mirror of IIB orientifolds with 03/07 planes 

For type IIB Calabi-Yau orientifolds with 03/07 planes the low energy theory was de- 
rived in ref. [21j. The Kahler manifold is spanned by h^^'^\Y) + 1 chiral multiplets 
which arise from the expansion of J, B2, C2 and C4 

B2 = b\x)uk, C2 = c''{x)ujk, k = l,...,h^^''\Y) , (6.15) 
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where we only displayed the scalar fields in the expansion. The proper Kahler coordinates 
were identified as^^ 



r = Cq + ie~^^ , = c'' - rb' , 

Ta = 2zp^ + e~^^}Cxpav'v^ -iJCxkib'G' , (6.16) 

where Cq is the RR scalar and e'^'^ is the type IIB dilaton. The intersection numbers }C\p„ 
and ]C\ki are defined exactly as in ()2.18|) and are the only non-vanishing intersections of 
the even cohomologies in IIB orientifolds. The Kahler potential is given by 

irg(r,G,T) = -2 In e'^-^^ j J A J A J = -ln(e-^^^), (6.17) 

where e^^ is the four-dimensional dilaton. can only be given implicitly as a function 
of and e'^-^ which are determined by ()6.16p in terms of the variables t,Tx and G^. 

Now we want to show that in the large complex structure limit K'^ given in ()3.42j) 
coincides with K'^ given in ()6.17|) . It turns out that in order to do so we need to choose 
«o ^ and the dual basis element (3^ G H^. It is convenient to keep track of this 
choice and therefore we mark the a's and /?'s which contain and by putting a hat 
on the corresponding index. Thus we work in the basis (a^,/5^) of H'l and {ax, P'') of 
H'^. Therefore, we rewrite the combination CQ as 

Cn = g2\l «o + q'^at + iq^ax) + • • • , (6.18) 

where we introduced qa and the real special coordinates 

1 fc_Re(CZ^) x_^^iCZ^) 

~ Re(CZO) ' ^ ~ Re(CZO) ' ^ ~ Re{CZ^) ' ^ ^ ^ 

We also need to express the prepotential T{Z) in the special coordinates q^,q^. In 
anology to ()A.9|) one defines a function /(g) such that 

J^{Re[Cz\ilm{CZ^]) = i(Re[CZ°]) V(9^ 9^) • (6-20) 

We are now in the position to rewrite the = 1 coordinates ^Tx given in ()3.47|) in 
terms of qa and the special coordinates . Inserting ()6.19p into ()3.47p one obtains 

= \e + ^gA , = l^' + ^9Aq' , Tx = t^x - 2g2' fx{q) , (6.21) 

where fx is the first derivative of f{q) with respect to q^. 

The final step is to specify f{q) in the large complex structure limit. In this limit the 
N = 2 prepotential is known to be 

^(Z) = liZ^r'^KLMZ'^Z'^Z'' . (6.22) 

Inserted into the orientifold constraints ()3.45|) one infers 

i^kim = i^kXI = , (6.23) 

^^We have sligthly changed the conventions with respect to since the scalars are now given in 
string frame. 



30 



while Kf^Xfi and Ki^i^ can be non-zero. Using ()6.23|) . ()6.20p and ()6.19p we arrive at 

f{q) = -l^.x,q''qV + \^.kiq^q'q' ■ (6-24) 

In order to continue we also have to specify the range the indices k and A take on 
the IIA side. A priori it is not fixed and can be changed by a symplectic transformation. 
Mirror symmetry demands 

k = l,...,h''l''\Y) , X = l,...,h'i''\Y) , (6.25) 

or in other words there have to be h^}'^\Y) basis elements ak and h^^'^\Y) basis elements 
in H'l{Y). In addition the non- vanishing couplings K^Xfj. and HKim have to be identified 
with JC^Xfj. and JCKim appearing in the definition of the type IIB chiral coordinates fl6.16|) . 
With these conditions fullfilled we can insert ()f).24|l into 1)6.211) and compare with ()6.16)1 . 
This leads to the identification 

# = (r, G'') and = , (6.26) 

which in terms of the Kaluza-Klein variables corresponds to 

e^^ = QA, = v\ 

eo = 2Co , e = 2(0^^ - Cob'') , 

With these identifications one immediately shows e^-^ = e'^-^ , where e^-^ and e^^ are the 
four-dimesional dilatons of the type IIA and IIB theory. This implies that the Kahler po- 
tentials (|3.42p and (|6.17p of the two theories coincide in the large volume - large complex 
structure limit. However, the corrections away from this limit cannot be properly under- 
stood from a pure supergravity analysis. It is clear that includes corrections of the 
mirror IIB theory but the precise nature of these corrections remains to be understood. 

6.2.2 The Mirror of IIB orientifolds with 05/09 planes 

In this section we check mirror symmetry for type IIB orientifolds with 05/09 planes. As 
in the previous section we first need to briefiy recall the results of ref. [21j- In this case the 
Kaluza-Klein expansion of the ten-dimensional type IIB fields change as a consequence 
of the different transformation properties given in ()6.2|) and fl6.15|) is replaced by 

J = v\x)uk, C2 = C2{x)+c\x)u;k , k=l,...,h'i'^\Y) , (6.28) 
B2 = b\x)u;x, C, = px{x)Cu\ \ = l,...,h^^''\Y) . 
The proper Kahler coordinates which span are the h^^'^^ + 1 chiral fields 

t*^ = -ie-'t'^v'' + c\ 

Ax = 2t}Cxpkb'' + 2ipx , (6.29) 
S = le-'^^/C + 2th - Ib^Ax , 



(6.27) 
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where h is a. scalar dual to the four-dimensional two-form C2 defined in ()6.28|) and /C = 
JCxf^pV^v'^yP. The Kahler potential has the exact same form as for the 03/07 case and is 
again given by (j6.17|) but this time it depends implicitly on the variables S, t^, Ax defined 

in dn^ni)- 

In order to find the same chiral data on the IIA side, we have to examine the case 
where ao £ H^. Therefore we choose a basis of and (a^^,/?'^) of H^. We 

rewrite the combination CVl in this basis as 

Cn = g^\i ao + iq^ax + q^at) + ... (6.30) 

where we introduced the real special coordinates 

a - ^ , _ Re(CZ^) , _ Im(CZ^) 

Im(CZO) ' ^ Im(CZO) ' ^ lm{CZ^) " ^ ^ 

Let us also express the prepotential J^{Z) in terms of q^, q^. As in = 2 one defines a 
function /(g) such that 

r{Re[CZ%ilm\CZ~^]) = -z(lm[CZ°]) V(g^ 9^) • (6.32) 

We can now rewrite the A^ = 1 coordinates T^, given in ()3.47|1 in terms of g^, g'*' and 
gA as 

N' = '^e + ^9AV. Tx = z^x + 2g^'fx{q) , 
To = ii, + 2g2\2fiq)~fxq'-fkq'), (6.33) 
where fx, fk are the first derivatives of /(g) with respect to g'^ and q''. 

Going to the large complex structure limit, the N = 2 prepotential takes the form 
fl6.22|l . We split the indices as A' = {k, A) and apply the constraints ()3.45j) to find that 

^^KX^l = i^kM = Hkim 7^ , K^^xi 7^ • (6.34) 
Using ()6.34|) and ()6.32j) we can calculate /(g) as 

/(g) = li^kimq'q'q"' - l^.xkQ^qY ■ (6.35) 

In order to match the chiral coordinates Tq, Tx, with the type IIB coordinates of ()6.29p 
we need again to specify the range of the indices on the type IIA side. Obviously we 
need 

k = l,...,h^^^'\Y) , X = l,...,h^}'\Y) , (6.36) 

which is the equivalent of ()6.25|) with the plus and minus sign interchanged. Thus the 
non- vanishing intersections can be identfied with ICkim and JC^xk on the IIB side. Inserting 
/(g) back into the equations ()6.33|) for the chiral coordinates A^'^, and demanding ()6.36|1 
one can compare these to the type IIB coordinates ()6.29|1 . One identifies 

T-, = {S,Ax), N'' = t''. (6.37) 

In terms of the Kaluza-Klein modes this amounts to the identification 

gA = e^^ , q'' = -v^ , q^ = b\ ^'^ = 2c^ , 

ix = 21Cxnic'h^ + 2px, ^0 = 2h - JCixJb^b'' - pxb\ (6.38) 
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With these identifications one shows again = e and as a consequence the Kahler 
potentials agree in the large volume - large complex structure limit. 

In summary, we found that it is indeed possible to obtain both type IIB setups as 
mirrors of the type IIA orientifolds discussed in section |21 In analogy to (j6.14j) we found 
in the component the mirror relation 

03/07: Re(On) ^ e-'^^Ree'^% Og ^ Orr A 

05/09: Re(0^]) ^ e-'^^Ime-^% O3 ^ Orr A e'^^ . (6.39) 

However, the crucial role of the two definitions of special coordinates remains to be 
understood further. 

Using the correspondence 16.391 we can extend the observation of section El that the 
proper chiral coordinates 'linearize' the corresponding D-brane instanton action also to 
type IIB orientifolds [21]. One can define the form 

= (Orr a e-^^)p + le-'f'^ Calp , (6.40) 

where the instantons are calibrated with respect to the p-form Calp. (Orr A e~^'^)p is a 
p-form constructed out of the formal sum of the ten-dimensional RR forms present in the 
orientifold theory. Expanding Ap in terms of H^\y) results in chiral coordinates which 
linearize the D{p — 1) instanton action. These coordinates can already be discovered 
in the orientifold theory since the D-branes are constructed such that they preserve the 
same = 1 supersymmetry as the orientifolds. 



7 Conclusions 

In this paper we calculated the four- dimensional effective action of type IIA Calabi-Yau 
orientifolds in the presence of background fluxes. We restricted ourselves to Calabi- 
Yau spaces admitting an anti-holomorphic involutive symmetry which preserves A^ = 1 
supersymmetry. The string theory is modded out by an involutive symmetry which 
includes this geometric symmetry and thus imposes constraints on the spectrum and the 
couplings of the theory. 

We computed the effective action by a Kaluza-Klein analysis valid in the large vol- 
ume limit and determined the chiral variables, the Kahler potential, the gauge kinetic 
function and the flux-induced superpotential at the tree level. We found that the moduli 
space of the A^ = 1 theory inherits a product structure x Ai^ from the underlying 
N = 2 theory obtained by ordinary Calabi-Yau compactification of type IIA. A^''^ is a 
special Kahler manifold parameterized by the complexified Kahler form which decends 
from the N = 2 vector multiplets. The second component Ai*^ is parameterized by the 
periods of the 'new' three-form Qc (= O3 + 2iIieCQ) containing the complex structure 
deformations of the Calabi-Yau orientifold. It is a Kahler submanifold inside the quater- 
nionic manifold of A^ = 2 and has a geometric structure similar to the one of the moduli 
space of supersymmetric Lagrangian submanifolds |23j. 

A superpotential W is induced once background fluxes are turned on which depends 
on all geometrical moduli. It splits into the sum of two terms with one term depending 
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on the RR fluxes and the complexifled Kahler form Jc while the second term features the 
NS fluxes and Qc- Both terms are expected to receive non-perturbative corrections from 
worldsheet- and D-brane instantons. We showed that the respective actions are linear in 
the chiral coordinates and therefore can result in holomorphic corrections to W. 

We further discussed the embedding of type IIA orientifolds into a speciflc class of G2 
compactiflcation of M-theory. Neglecting the contributions arising from the singularities 
of the G2 manifold we were able show agreement between the low energy effective actions. 
In the superpotential we only discovered the terms which decend from the M-theory four- 
form G4 but we neglected the possibility of geometrical fluxes. 

Finally we showed that in the large volume - large complex structure limit one flnds 
mirror symmetric effective actions if one compares type IIA and type IIB supergravity 
compactifled on mirror manifolds and in addition chooses a set of 'mirror involutions'. 
For mirror symmetry amounts to a truncated versions of = 2 mirror symmetry in 
that it still relates two holomorphic prepotentials. In this case the corrections computed 
by mirror symmetry are precisely analogous to the situation in A^ = 2. For Ai^ the 
situation is more involved since the geometry of the moduli space changes drastically. 
Nevertheless we were able to show that mirror symmetry in the large volume - large 
complex structure limit. However, understanding the nature of the corrections computed 
by mirror symmetry appear to be more involved and certainly deserves further study. 
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Appendix 

A N = 2 special geometry of the Calabi-Yau moduli 
space 

In this appendix we briefly summarize the N = 2 special geometry of the Calabi-Yau 
moduli space. A more detailed discussion can be found, for example, in refs. [ini ED 1121 
EH ESI- A special Kahler manifold is a Hodge-Kahler manifold (with line bundle C) 
of real dimension 2n with associated holomorphic flat Sp{2n + 2, M) vector bundle 7i over 
A4. Furthermore there exists a holomorphic section Q{z) of C such that 



This is precisely what one encounters in the moduli space of the complex structure 
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deformations of a Calabi-Yau manifold with O being the holomorphic three-form. In this 
case one is lead to set n = h^"^'^^ and identify the fibers of the associated S'p-bundle with 
H^{Y, C). The symplectic product is given by the intersections on H^{Y, C) as 

{a,p) = j aAp. (A.2) 

The Kahler covariant derivatives of Q are denoted by xk as explicitly given in ()2.11|) . 
In terms of the symplectic basis {aj^,[3^) introduced in ()2.6|) both VL and xk enjoy the 
expansion 

n = z^aj,-r^p^ , XK = xic^L-XL\K(^^ ■ (a.s) 

The holomorphic functions Z^{z) and J-'j^{z) are called the periods of Q, while Xx(^5 ^) 
and ^) periods of xk- In terms of , JF^ the Kahler potential ()A.1|) can 

be rewritten as in ()2.12j) . 

For every special Kahler manifold there exists a complex matrix Aij^i{z, z) defined 

as 

Mjii = {Xkim ^kM\i Z"^)-' , (A.4) 
where x!k ^^"^ XI\k given in ()A.3|) . Furthermore, one extracts from ()A.4|) the identities 

= MjiiZ^ , Xl\k = Mi^xi , (A.5) 
which can be used to rewrite ()A.1|) as 

Gmn = -2e^x£lmA^xLx| , 1 = -2e^Z^ImA^^^Z^ (A.6) 
= -2x|lmA<^^Z^ 

If one assumes that the Jacobian matrix d^L (^Z^ /Z^^ is invertible JF^ is the derivative 

of a holomorphic prepotential with respect to the periods Z^ . It is homogeneous of 
degree two and obeys 

= ^Z^ Tf^ , JF^ = d^iiT , ^kl ^ ^z'^-^L ' -^L ^ ^^-^kL ' (A-7) 

which implies that J^j^i{Z) is invariant under rescalings of Z^ . Notice that JF is only 
invariant under a restricted class of symplectic transformations and thus depends on the 
choice of symplectic basis. 

The complex matrix M. f^i defined in ()A.4|) can be rewritten in terms of the periods 
Z^ and the matrix J^j^^^Z) as 

. y^^ + ^r),^z^iir.^),,z^ 

Z^{\mT)fj^,Z^' ^ ' 

Whenever the Jacobian matrix d~,L{^Z^ / Z^^ is invertible the Z^ can be viewed as 
projective coordinates of P/i(2,i)_,_]^. Going to a special gauge, i.e. fixing the Kahler trans- 
formations ()2.15p . one introduces special coordinates z^ by setting z^ = Z^ /Z^. Due 
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to the homogeneity of T it is possible to define a holomorphic prepotential /(z) which 
only depends on the special coordinates as 

T{Z) = {Zyf{z) . (A.9) 

In terms of / the Kahler potential given in ()A.1|) reads 

K = -lm\Zr[2{f-f)-{dKf + djif){z''--z'')] . (A.IO) 

The complexified Kahler deformations introduced in (j2.7j) are special coordinates 
of a special Kahler manifold. The Kahler potential of the metric Gab given in (|2.17|) is 
of the form ()A.10|) with 

fit) = -iKABct^t^t^ . (A.ll) 

Furthermore, inserting (jA.llll into ()A.8|1 using ()A.9j) one determines the gauge-couplings 
Af^^{t,i) to be 

" I llCABcb^b^ -ICABcb'' 



ICfl + AGABb^b'' -AGABb"" 
6 V -^GABb"" AGab 



(InW-)- = -^I^Ia .a^B^^A^B ] , (A.12) 



where Gab is given in ()2.17|) . 



B Supergravity with several linear multiplets 

In this appendix we briefly discuss the dualization of several massless linear multiplets 
to chiral multiplets. We only discuss the bosonic component fields and do not include 
possible couplings to vector multiplets. Our aim is to extract the Kahler potential for the 
N = l,d = A supergravity theory with all linear multiplets replaced by chiral ones. Let 
us begin by recalling the effective action for a set of linear multiplets {L^, D2) couplet to 
chiral multiplets A^^. It takes the form^° 

+ \kL.LX dD^ A *dD^ -\dD^A {Klx^h dN^ - Kixj^k dN'') , (B.l) 

where K{L, N, N) is a function of the scalars L'*' and the chiral multiplets A^'^. The 
kinetic potential K is the analog of the Kahler potential in the sense that it encodes the 
dynamics of the linear and chiral multiplets. In order to dualize the linear multiplets 
(L^jD^) into chiral multiplets {L^,C,x) one replaces dD2 by the form and adds the 
term 

£ ^ £ + 5£ , 6C = -2^x dD^ = -2D^ A d^x , (B.2) 

■^^This action can be obtained by a straight forward generalization of the action for one linear multiplet 
given in |fi4j . 
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where is a Lagrange multiplier. Eliminating one finds that dD^ = such 

that locally = as required. Alternatively one can consistently eliminate by 
inserting its equations of motion 

= 47^^^"^' (^rff A + i (i^L^TV* dN'' - Klx f^, dN'') ) (B.3) 
back into the Lagrangian ()B.1|) . The resulting dual Lagrangian takes the form 

C = -lR*l- Kj^.j^idN'' A*dN^ + \KL^L^dL'' A*dL^ (B.4) 
+47^^'^^' (^di^ - \\m{kL.j,i dN')^ A * (^dix - |lm(i^iA^. dN^)^ . 

Since we intend to use these results in the effective action for Calabi-Yau orientifolds, we 
make a further simplification. We demand that the kinetic potential K is only a function 
of L'^ and the imaginary part of iV'^, which we denote by /'^ = ImA^*^. This implies that 
all chiral fields A^'^ admit a Peccei-Quinn shift symmetry acting on the real parts of A^'^' 
as it is indeed the case for the orientifold setups. Thus the effective Lagrangian ()B.4|) 
simplifies to 

£ = -lR*l~lkikiidN'' A*dN^ + lKL-L'^dL^ A*dL^ (B.5) 
^ik^^L^ (d^^ + iKL^iidReN^^ A * (d^x + jKLH^dReN''^ . 

This A^ = 1 Lagrangian is written completely in terms of chiral multiplets and therefore 
can be derived from a Kahler potential when choosing appropriate complex coordinates 
A^'^ and Tx = As we will see in a moment, a direct calculation yields that this 

Kahler potential is the Legendre transform of K with respect to the scalars L'^. It takes 
the form 

K{T,N) = k{L,N-N)-2{T, + T,)L^ (B.6) 

where L'^{N,T) is a function of the complex fields N'^,Tx. This dependence is implicitly 
given via the definition of the coordinates Tx 

Tx = lix + Ik^. . (B.7) 

However, in order to calculate the Kahler metric, one only needs to determine the deriva- 
tives of L'^{N,T) with respect to N'',Tx. They are obtained by differentiating ()B.7|) and 
simply read 

diydTx = 2k^^^' , diydN^ = -jrk^^^'kLH' . (B.8) 

Using these identities one easily calculates the first derivatives of the Kahler potential 
dHS} as 

Kt^ = -2L° , K^A = j.kiA . (B.9) 

Applying the equations ()B.8|) once more when differentiating ()B.9|) one finds the Kahler 
metric 

K^^f^ = -4a:^"^' , Kt^^a = zk'^-'^'kL.iA , 

Kj^AfjB = \klAlB - \klALc k^ k^filB , (B.IO) 
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with inverse 

K^'^^^ = K''"^^ = Ak'^^\ (B.ll) 

Finally, one checks that K{T, N) is indeed the Kahler potential for the chiral part of the 
Lagrangian ()B.5|) . This is done by inserting in the definition of given in ()B.7|) and the 
Kahler metric ()B.10|) into 

£ = -IR * 1 - K^iMJ dM^ A *dM-^ , (B.12) 

where = {N'',Tx). 



C Gerneral reduction of the quaternionic space 

In this appendix we present a more detailed analysis of the moduli space which is a 
Kahler sub manifold in the quaternionic space Ai^. Our aim is to show that the Kahler 
potential ()3.42|) with coordinates T^, N'' introduced in ()3.47|) indeed encode the correct 
low-energy dynamics of the theory obtained by Kaluza-Klein reduction. Furthermore we 
show that always obeys a no-scale type condition equivalent to (|3.43|) . Most of the 
calculations will be based on the Legendre transform method applied to the real part of 
the coordinates T^. On the level of superfields one can interpret this as dualization of 
these chiral multiplets into linear multiplets as discussed in appendix IbI 

Let us start by performing the reduction of the ten-dimensional theory by using 
the general basis (a^^,/?^) introduced in (|3.46|) . It was chosen such that it splits on 
H^{Y) =Hl®H^ as 

{a,,f3') e HliY) , {a,,(3') G H'_{Y) , (C.l) 

where both eigenspaces are spanned by /i^'^ + 1 basis vectors. As remarked above, we 
will only concentrate on the moduli space J\4^, such that we can set = and A" = 0. 
Due to ()3.6|) . the ten-dimensional three- form C3 is expanded in elements of H'l{Y) as 

Cs = eix)ak-U^)/3\ (C.2) 

where (^'^, are h"^'^ + 1 real space-time scalars in four- dimensions. Inserting this Ansatz 
into the ten-dimensional effective action one finds 

= J -dDA*dD- GKLiq)dq^ A*dq^ + ^e^^lmMkid^'' A*d^^ (C.3) 

+ ie2^ (ImM)-' ^^{dL - ReM^i d^) A *{dix - ReMxk dt) , 

where compared to ()3.19|) only the terms involving ^'^,^a have changed. The metric 
GKL^q) was introduced in ()3.27|) and is the induced metric on the space of real complex 
structure deformations Ai'^ parameterized by . It remains to comment on the kinetic 
and coupling terms of the scalars i^^^x- In the quaternionic metric ()2.9|1 of the N = 2 
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theory they couple via the matrix Aij-^^i given in ()2.16p . Using the spht of the symplectic 
basis {aj^,l3^) as given in ()C.1|) and the fact that for a G H'l, *a G if^ one concludes 

Re-M.A(g) = ReMkiiq) = l^Mxkiq) = , (C.4) 

whereas ReA^fcA? Iki-^kA; I^i-^fci are generally non-zero on Ai^. The explicit form of 
non-vanishing components can be obtained by restricting ()A.8|) to Ai^ and using the 
constraints (j3.45|) . 

In order to combine the scalars e^, with C,'', ^a into complex variables, we have to 
redefine these fields and rewrite the first two terms in ()C.3|) . Thus we define the /i^'^ -|- 1 
real coordinates 

= -e^^lm[CZ\q)] , = Re[CZ\q)] , (C.5) 

which is consistent with the orientifold constraint ()3.45|) . The additional factor of e^^ 
was included in order to match the dilaton factors later on. Using ()C.5|1 one calculates 
the Jacobian matrix 

/ dL^/de-^ dL^/dq' dL^/dq'' \ 

\ dl^/de~^ dl^/dq' dl'^/dq" ) ' ^ 

where q^ = {q'^,q'^) are the h^'^'^^ real coordinates introduced in (|3.26p . One evaluates 
the derivatives by applying ()3.25p such that 

_ / e'^lmiCZ') -e'^lmiCx^) -e'^Re{Cx'.) \ 

[ e^ReiCZ") Re(Cx^) -lm(Cx^) J ' ^^■'> 

where Xk defined in ()A.3|) . It is now straight forward to rewrite ()C.3|) by using the 
identities ()A.6|) of special geometry as 



S't^^ = J 2e~'^Im7W,A dL"" A *dL^ + 2e'''lmMki dr A *dV + ^—ImMki dC A *dC 

(ImM)-' ^'{d^, - ReM^kde) A *{d^x - ReMxkd^) • (C.8) 

From ()C.8|) one sees that the scalars and nicely combine into complex coordinates 

N'' = le'' + il'' = l^*' + iRe{CZ^) , (C.9) 

which corresponds to (j3.47p . In contrast, one observes that the metric for the kinetic 
terms of the scalars C,x is exactly the inverse of the one appearing in the kinetic terms 
of the scalar fields L^. This hints to the fact that the Lagrangian ()C.8|) is obtained by 
dualizing a set of linear multiplets {L^,D2) into chiral multiplets {L^,^x)- The effective 
action of several linear multiplets coupled to a set of chiral multiplets A^'^ is given in 
equation (jB.lj) . In analogy to the Kahler potential in the standard A^ = 1 supergravity 
the couplings and kinetic terms of the linear and chiral multiplets are encoded by a single 
real function K{L, N, N) jHl]. Dualizing the massless two-forms D2 to scalar fields as 
described in appendix El the resulting effective action in terms of {L''^,C,x) and A^'^ takes 
the form ()B.5|) . This implies that ()C.8|) is indeed obtained from ()B.5|) . when appropriately 
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specifying the function K. To extract K{L, N, N) we compare the action ()C.8j) with ()B.5|1 
and read off the metric 

kL.L>^ = Se-^^'lmM^x, Ki^i^ = Se'^'^lmMki , Kl'^i^ = -8Re M^i , (C.IO) 

where we have used that the metric is independent of C,\- This metric can be obtained 
from a kinetic potential of the form 

K{m) = -Infe-"^^] +8e2^Im[p*J^(CZ'=)] , (C.ll) 

where JF is the prepotential of the special Kahler manifold Ai^^ restricted to the real 
subspace A4^. The map p was given in ()3.26|) and enforces the constraints ()3.45|) . To show 
that K indeed yields the correct metric ()C.10|) one differentiates ()C.11|) with respect to 
e~^, and uses the inverse of S. Applying equations ()A.5|) one finds its first derivatives 

= -8Re[CJ^x{q)] K^: = 8 e^"" lm[CJ^k{q)] • (C.12) 

Repeating the procedure and differentiating ()C.12|) with respect to e~^,q^ and using 
one can apply (IA.4jl to show (KJ.lOll . 

As explained in appendix iBl the actual Kahler potential of A^*^ is the Legendre trans- 
form of K with respect to the variables L^. There we also found the explicit definition 
of the complex coordinates Tx combining {L^,C,\). Thus the Kahler potential K^{T,N) 
is obtained from K{L, N) by setting 

K'^{T,N) =K{L,N)-2{Tx + Tx)L\ (C.13) 

where L'^(T + T,N,N) is now a function of the chiral multiplets Tx and N''. This 
dependence is implicitly defined via the equation 

T, + fA = iir,.A . (C.14) 

Using ()C.12|) and fixing the normalization of the imaginary part of Tx by comparing ()C.8|) 
with ()B.5|) one finds 

Tx = i^x + jKl^ = - 2 Re{CFx) , (C.15) 

which coincides with fl3.47|) already quoted in section 13.31 To give an explicit expression 
for we plug equation (imill into (imi) . Inserting the = 2 identity = \Z^Tj^, 
the constraint equations ()3.45|) and ()C.5|) . ()C.12|) we rewrite 

i^Q = - In e"^^ + \{l^kik - L^Klx) . (C.16) 

It is possible to evaluate the terms appearing in the parentheses. In order to do that we 
combine the equations ()C.5|) and ()C.12|) to the simple form 

Re{CQ) = l^ak + IKlxP^ , e^°lm{C^) = -L^ax - \kikp^ ■ (C.17) 

We now use equation ()2.12|) and the definition ()3.36p of C to calculate 

2 I Re(C^]) A Im(C(]) =i I ACU = e'^^ . (CIS) 
Jy Jy 
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Inserting the equations ()C.17|1 into ()C.18|) we find 



L^KtX — l^Klk 



4 . 



(C.19) 



Inserting this constraint into ()C.16|1 we have shown that the Kahler potential has indeed 
the form ()H.42|1 .'^^ Moreover, ()(I19|) directly translates into a no-scale type condition for 



(C.20) 



where = (T^^, N''). In order to see this, one inserts the inverse Kahler metric ()B.11|) . 
the Kahler derivatives ()B.9|) and the derivatives of ()C.19|) back into ()C.19|) . In other 
words, we were able to translate one of the special Kahler conditions present in the 
underlying N = 2 theory into a constraint on the geometry of Ai^. 

Let us end our discussion of TVI**^, by giving two specific examples for K satisfying 
the constraint ()C.19|) . namely 



In 



ai 



In 



^ iklllm 



a2- 



+ &1 
+ &2 



(C.21) 



where ai, 2,^1,2 are some constants. In 21J it was shown, that Ki is the correct potential 
describing the dynamics of IIB orientifolds with 0?>/01 planes. On the other hand, K2 is 
the correct potential for IIB orientifolds with 05/09 planes. K12 have this simple form 
since instanton corrections are not taken into account. 



D The Geometry of the moduli space of CY orien- 
tifolds 

In this section we give an alternative formulation of the geometric structures of the 
moduli space AA^ which is closely related the moduli space of supersymmetric Lagrangian 
submanifolds in a Calabi-Yau threefold In this set-up also the no-scale conditions 

fl3.43|) . ()C.19|1 are interpreted geometrically. 

In section 1^7^ we started from an iV = 2 quaternionic manifold M.^ and determined 
the submanifold M.^ by imposing the orientifold projection. = 1 supersymmetry 
ensured that this submanifold is Kahler. M.^ has a second but different Kahler subman- 
ifold Ai'^^ which intersects with A^*^ on the real manifold Ai'^- The c-map is in some 
sense the reverse operation where A^*°^ is constructed starting from A\'^^ and shown to 
be quaternionic [101 El • In this appendix we analogously construct the Kahler manifold 
starting from M'^. 

^"'^By using the equation IjC.lSp and *57 = —iVl it is straight forward to show e^^^ = 2 J'Re(Cf2) A 
*Re(Crj) 

^^This analysis can equivalently be apphed to the moduh space of G2 compactifications of M-theory. 
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In fact the proper starting point is not Ai^ but rather A^ir = Ai^ x M which is the 
local product of the moduli space of real complex structure deformations of a Calabi- 
Yau orientifold times the real dilaton direction. Its local geometry is encoded in the 
variations of the real and imaginary part of the normalized holomorphic three-form CQ. 
This form naturally defines an embedding 

E:Mm^VxV*= iJ^(R) x i/!(R) . (D.l) 

where V = if^(R) and we used the intersection form (^a,(3'^ = f a A j3 on H^{Y) to 
identify V* = i7i(R). V x V* naturally admits a symplectic form W and an indefinite 
metric Q defined as 

W((a+, «_),(/?+,/?_)) = («+,/5_> - (/5+,a_> , 
gi{a+,a.),{P+,p.)) = {a+,p.) + {P+,a.) , (D.2) 

where G i/|(R). 

Now we construct E in such a way that AiR is a Lagrangian submanifold of V x V* 
with respect to W and its metric is induced from Q, i.e. 

E*{W) = 0, E*{g)=g (D.3) 

where 

\g = dD®dD + GKidq^ ® dq^ . (D.4) 

is the metric on Ai^ as determined in ()3.19|) . As we are going to show momentarily E is 
given by 

E{q^) = {2Re{CQ) , -2e^^lm{CQ)) , (D.5) 
where q^ = (e~^, q^) and fl is evaluated at q^ G A^jf . Additionally E satisfies 

giE{q^),E{q^))=A, (D.6) 

for all q^ . This implies that the image of all points in A^k have the same distance from 
the origin. Later on we will show that this translates into the no-scale condition ()C.20|) . 

Before we do so let us first show that the E given in ()D.5|) indeed satisfies ()D.3|) 
and ()D.6|) . The explicit calculation is straight forward and essentially included in the 
reduction presented in appendix O^"^ To see this we express the map E defined in flD.5|) 
and the conditions in terms of the basis (a^, P^) introduced in ()C.1|) . We use eq. ()C17|) 
and expand 

Eiq^) = {2l^ak + \kL^(3\ 2L^a^ + \k,u(3^) , (D.7) 

■^■^The N = 2 analog of A^r is the extended moduli space Ai'^^ = Ai"^^ x C where C is the complex 
line normalizing fi. The corresponding modulus can be identified with the complex dilaton |17]- The 
orientifold projection fixes the phase of the complex dilaton (it projects out the four-dimensional B2) to 
be 9 and thus reduces C to M. 

^''Formally one has to first evaluate E^{dQK) and expresses the result in terms of the (3,0)-form il 
and the (2, l)-forms xk- One than uses that by definition of the puUback E*uj{d^K, •) = uj{Ef{d^K), •) 
for a form uj on V x V* . Applied to Q and W one finds that the truncation of the special Kahler (|2.12(l 
and H2.10|l indeed imply (|D.3|I . This calculation does not make use of any specific basis of Hj_. 
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where l'',L'^ and K^K^Kik are functions of as given in ()C.5|) and ()C.12|) . We define 
coordinates = {21^, jK^k) on V and coordinates Vf. = {jKik, —2L'^) on V*. In these 
coordinates the first two conditions in ()D.3|) simply read 

E*{du^ Advj^) = , E*{du^ 0dvji) = g . (D.8) 

From appendix [Owe further know that K^k, Kik are derivatives of a kinetic potential K 
and thus we can evaluate du^ and dvj^ in terms of l^, L'^. Inserting the result into ()D.8|) 
the second equation can be rewritten as 

y = \kikii dl^ ® dl^ - i^L^iA dL'' ® dL^ , (D.9) 

while the first equation is trivially fulfilled due to the symmetry of Kiku and K^kix. This 
metric is exactly the one appearing in the action ()(I8j) when using ()(I10|) . Expressing 
g in coordinates e^,q^ leads to ()D.4jl . as we have already checked by going from ()(I3j) 
to ()C.8|) above. Furthermore, inserting ()D.7|) into ()D.6|) it exactly translates into the 
no-scale condition ()C.19|) . which was shown in appendix to be equivalent to ()3.43p . 

We have just shown that A^k is a Lagrangian submanifold of x l^*. Identifying 
T*V = V X V* we conclude that A4u can be obtained as the graph {a{u),u) of a closed 
one-form a. This implies that we can locally find a generating function K' : V ^ R such 
that a = dK'. In local coordinates {vj^,u^) this amounts to 

dK' 
Vf> = 

such that 

These equations are satisfied if we define K' in terms of K as 

2K' = K{L{u)J) - Kl4u)L''{u) , (D.12) 

which is nothing but the Legendre transform of K with respect to L'^. Later on we show 
that the function 2K' is identified with the Kahler potential K given in ()3.42j) . 

In order to do that, we now extend our discussion to the full moduli space Ai^ 
including the scalars = parameterizing the three-form C*3 in if^(]R). Locally 

one has 

M^ = Mrx hI{R) . (D.13) 
The tangent space at a point p in Ai^ can be identified as 

TpM^ = Hl{R) © Hl{R) = Hl{R) (g) C , (D.14) 

where the first isomorphism is induced by the embedding E given in ()D.5|) . This is a 
complex vector space and thus Ai^ admits an almost complex structure /. In components 
it is given by 

I{d^^) = {du^/dq^) d^L , mu^/dq^) d^t) = -d^K , (D.15) 
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(D.IO) 
(D.ll) 



where we have used that / is induced by the embedding map E. One can show that the 
almost complex structure / is integrable, since 

dw^ = du^ + idC^ = {du^/dq^)dq^ + idC^ , (D.16) 

are a basis of (1, 0) forms and = + are complex coordinates on Ai^. Using 
the definition of one infers that as expected = {N'', T^). Moreover, one naturally 
extends the metric g on TA^k to a hermitian metric on TA4^. The corresponding two- 
form is then given by 

u}{d^i,d^K) = g{Id^L,d^K) , u}{d^K,d^i) = u}{d^K, d^i) = . (D-17) 

Using the definition ()D.15|) of the almost complex structure and equation ()D.3|) . one 
concludes that u) is given by 

u = dv^AdC^ = 2i :—^dw^Adw^, (D.18) 

where for the second equality we applied ()D.10|) and expressed the result in coordinates 
= u^ + i(^. Note that K' is a function of only, such that derivatives with respect 
to translate to the ones with respect to . Equation ()D.18|) implies that = 2K' 
is indeed the correct Kahler potential for the moduli space Ai^. 
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